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BBEJAEHUE

JIt060i1 TBOpUECKHUH Tpoliecc — OyJib TO U3yUYEeHHE 3aKOHOB MPUPOIBI WU pa3zpaboTKa
HOBOM TEXHOJIOTUH, pa3Be/ika MECTOPOXKICHUHN UM CO3/IaHhe HOBOIO 000pYA0BaHUS
— COIPOBOXKJAETCS MOCTPOCHHEM Mojelield. B mupokomM cmbiciae MOAENIb — 3TO
MBICIICHHO TMpEJACTaBisieMasl WM MaTepUalbHO peaJu30BaHHAs CHUCTEMa, KOTopas
0TOOpakast WJIM BOCIIPOU3BOISI OOBEKT UCCIEOBaHUS, CIIOCOOHA 3aMeIaTh ero Tak,
9TOOBI €€ U3y4YCHHUE A0 HOBYIO MH(popMainio o0 3ToM o0bekTe. Takum oOpazom,
MOJCIIUPOBAHUE SIBIIACTCS METOJIOM HM3Y4YEHHUS IPOLIECCOB WM OOBEKTOB, IPH
KOTOPOM HCCJIEIOBaHUS MPOBOJIAT HA MOJIENSAX, & PE3yJbTaT PACIPOCTPAHSIETCS HA
OpUTHHAI.

CoBpeMEHHOE XMMUYECKOE MPOU3BOJCTBO MPEACTABISAET COOOU CIONKHYIO XMMHUKO-
TEXHOJIOTHYECKYIO CUCTEMY, COCTOSIIIYIO M3 OOJBIIOrO KOJWYECTBA alllapaToB MU
TEXHOJIOTMUECKUX CB3ed Mexay Humu. CremoBarenbHO, pa3paboTka W
AKCIUTyaTaIys MPOU3BOACTBA TPEOyET 3HAHUS KaK OOIIEero Mmoaxo/ia K mpodjaeme, Tak
U OOJBIIOrO  KOJMYECTBA  BOMPOCOB,  HEMOCPEACTBEHHO  CBSI3aHHBIX €
paccMaTprUBaeMON TEXHOJIOTHUEM.

IIpoueccel, CBSI3aHHBIE C XMMHYECKOM TEXHOJOTMEH, OYEHb CIIOXKHBL. DTO MPEXKIE
BCETO XMMHMYECKHME MPEBpalllcHUsT B allaparax pas3IMYHbIX KOHCTPYKIIUH,
00yCIIOBJIEHHBIX 0COOEHHOCTSIMU MPOTEKAHUS XUMHYECKUX peakuuu,
MHOTOKOMITOHEHTHOCTBIO U MHOTOCTaJUHHOCTBIO MHOTHX U3 HUX. He MeHee CloKHbI
M MaccOOOMEHHbBIE TPOLECChl, B  YaCTHOCTH MPOLECChl  PEKTH(PUKALMH
MHOTOKOMIIOHEHTHBIX CMeceid. B 3JIeKTpOXMMHUYECKONW TEXHOJOTUU aKTyallbHbI
3a1a4u ONTUMU3ALLAN TEXHOJIOTUI AIEKTPOOCAKICHUS. IIporpecc
raJIbBAHOTEXHUKU TpeOyeT JAETAJIbHOIO M3YyYEHHs] CHEIUIEHUS OCaJKOB B
3aBUCUMOCTH OT MOJTOTOBKHM IMOBEPXHOCTH MOKPHIBAEMOro MeTajja. B dacTtHOCTH,
HEO00XO0MMO U3YYUTh TOHYANUIIINE CJIOU CIUIaBOB, 00pa3yrolIrecs: B KOHTAKTE YUCTOM
OCHOBBI C MOKPBITHEM, W MCCIEAOBaTh BIMSHUE HUX COCTaBAa U CTPYKTYpPhl Ha
MEpBOHAYAIIbHBIE CTAJIUU 3IEKTPOKPUCTALTU3AUU.

JInst pelieHust 3TUX CIIOXKHBIX HAYYHBIX M TEXHOJOTMYECKHUX 3a/1a4 XUMHUUYECKUX
IIPOU3BOJACTB  HCIOJB3YIOTCA  METOABl ~ MAaTEMaTUYECKOTO  MOJEIMPOBAHMSL.
CoBpeMeHHbIE CIEeNUATUCTHI  JOJKHBI YMETh pa3pabaThiBaThb MaTEMaTUYECKUE
MOJIETN TEXHOJOTUYECKUX MTPOLIECCOB U 000PYAOBAHUSL.

B nanHOM Kypce JIeKIui pacCMOTPEHbl HEKOTOPBIE aClEKThl MOJECITUPOBAHUS
(YHKIMOHAJIBHBIX 3aBUCUMOCTEH, a TakKe JIMHEHHbIE KOPPEISLUOHHBIE MOIEIU
(cTaTucTUueCKME U KOPPEJSIIUOHHBIE — 3aBUCUMOCTH). Ilpemnoxken  pasznen
MaTeMaTUYeCcKOro NporpaMMHUpOBaHus. B HeM moka3zaHbl BO3MOXHOCTH MPUMEHEHHSI
METOJIOB ONTUMHU3ALIUU NTPU PEIICHUN PA3NTMYHBIX XMMUKO-TEXHOJOTUUECKUX 3a/1a4.



1 MOJIEJIMPOBAHUE ®YHKIIMOHAJIBHBIX 3ABUCUMOCTEM

[Tpu MoaenupoBaHuM (PYHKIIMOHATIBHBIX 3aBUCUMOCTEN OOBIYHO MCIIONb3YETCS
MeTOJ] HauMMeHBUIMX KBaJpaToB. DTOT METOJ SBISETCS OJHHUM W3 METOAOB TEOPUU
OIMOOK I OLEHKA HEW3BECTHBIX BEIUYMH 110 pe3yJbTaTaM HW3MEpPEHHUI,
COJIEpKAIMM CIIy4YaiHble OINMOKH, TPUMEHSETCS TakkKe s MNPUOIMKEHHOTO
npecTaBiIeHUs] 3alaHHOM (YHKIUU JIpyrumMu (6ojee MpOoCThIMH) (YHKIUSIMHU U
YaCTO OKa3bIBAETCS MOJIE3HBIM MPU 00pabOTKE HAOIIOICHUIA.

1.1 OcHOBHbBIE THIIBI IMITHPUYECKHX (Popmya
MeTtoa HaUMEHbIINX KBAPATOB

B mpakTuueckux NpUMEHEHUSX MaTeMaTHKH OYEHb YacTO BCTPEYAETCS Takas
3aaya. 3aBHCHUMOCTb MEXKJY IEPEMEHHBIMH BEJIWYMHAMU BBIPAXKAETCS B BHUJE
TaOJUIIbI, TOJTyYEHHON ONBITHBIM ITyTEM. JTO MOTYT OBITh PE3YJIbTAThl SKCIIEPUMEHTA,
JaHHble HAOMIONEHUM WIM HW3MEPEHU, CTaTUCTUYEeCKOM 00paboTKu MaTepuana.
Hammpumep, 3aBUCUMOCTH MYyTH, MPOMAECHHOTO TEJIOM, OT BPEMEHH; JAHHBIE O LIEHE
Ha HepTh M HHACKCHl aKIUi HedrenepepadaThbIBalOIMX KOMIIAHUN; MNPUOBLIH
MPEANPUATHS 110 TOJAM OT JEATEIbHOCTH NPEAIPHUITHUS U T.I1.

[lycTp maHa sMOupudecKass 3aBUCUMOCTD.

Tabmura 1

Xn
X1 X2 e Xi

V1 y2 e Vi Yn

TpeOyeTcst BBIpa3uTh 3aBUCHUMOCTh MEKY IEPEMEHHBIMU AHAJTUTUYECKH, T. €.
atb  (QOpMyIly, CBS3BIBAIOLIYIO MEXIY COOOH COOTBETCTBYIOLME 3HAYEHUS
nepeMeHHbIX. Takasi popMmysa oueHb oOJieryaeT aHalu3 U3y4aeMOW 3aBUCHUMOCTH.
@opMyIbl, CiayXalye sl aHAIUTUYECKOIO ITPEIACTABJICHUS OIBITHBIX JAaHHBIX,
MNPUHATO HA3bIBATh IMAUPULECKUMU POPMYIAMU.

3ajada HAXOXKACHUS SMIIUPUYECKUX (POPMYJT 3aKITIOYAETCS B CIEAYIOIIEM:

1) ycranaBnuBaetcst Bu 3aBucuMoctu Y = f(X), T.e ycraHaBIMBeTCS, SBIISICTCS
JY OHA JIMHEWMHOW, KBaapaTUYHOU, JIOTapu(PMUYECKON WM KAKON-TMOO NpYyTou,
KOTOpast COAEPKUT Psil YUCIOBBIX MapaMeTpoB a, b, ¢, ...;

2) omnpenensitoTcs HEM3BECTHHIE TapaMeTphl (PYHKIIMH, TaK YTOOBI KpHUBas
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y = f(X) Hamnyumum oOpa3oM n300paxaiia 3aBUCUMOCTb, ITOJIYYCHHYO B OIIBITE.

[Iyctp pe3ynbTaThl AKCHEPUMEHTANbHBIX HCCIEAOBAHWN HaHECEHBl Ha
IUIOCKOCTb, TIape uncen (Xi, Yi) COOTBETCTBYET TOYKA C TAKHMMH e KOOPJUHATAMHU.
PaszymeeTcs, cymecTByeT MHOKECTBO KPUBBIX, MTPOXOISAIINX Yepe3 3TU TOUYKU (CM.
pUCYHOK 1).

Pucynoxk 1.

[IpeanonaraoT, 4YTO KpHUBas MCTUHON 3aBHCUMOCTH — HauOoisiee TIiaaKas
KpuBasi (IyHKTHUP), COTJACOBAHHAS C SMIIMPUYECKUMHU JAHHBIMU, TO3TOMY MUMEHHO
ee mpeanoureT ucciaegosaTenab. OaHako, JUIsl MPOBEPKH MPAaBUIBHOCTU BBIBOJA
MPOBOAMTCS €HIe pPAJ OJHOBPEMEHHBIX HM3MEPEHHH BEIMYMH X U Y.
JIONOJIHUTENIbHBIE TOYKM HAHOCATCS Ha IUIOCKOCTb. ECaM OHM OKa3bIBAOTCSA
J0CTaTOYHO OJM3KUMU K BBIOpaHHOW KPUBOM, TO MOXKHO CUMTATh, YTO BUJ KPUBOMH
YCTaHOBJIEH.

Kpome Toro, Bo MHOTHX cly4asx XapakTep 3aBUCUMOCTH MEXy ePEMEHHBIMU
BEJIMYMHAMMU OTPEACIAETCS U3 KaKUX-T1M00 TEOPETUUECKUX COOOpaKeHU He
MaTeMaTUYECKOTO XapakTepa (HallpuMep, UCIOJIb3ys ONBIT MPEeAIIEeCTBYOLINX
ucciaenoBanuit). Hanpumep, U3BECTHO, UTO MPU CBOOOTHOM MaJICHUH Tella B ITyCTOTE

gt
3aBUCHUMOCTb IyTH OT BPEMEHH AaeTcst (HhOpMyIIoii: $=-, -, Tne
g - K03(pPUIMEHT MPOMOPLHUOHATIBHOCTH, SBJSIOUIUIICS YCKOPEHUEM CHIIBI TSKECTH;
€ro 3Ha4eHHWEe HAXOAUTCS U3 OIbITA.

N3mepsis pakTHUECKH MPOUIEHHBIM TEJIOM MyTh B pa3Hble MOMEHTHI BPEMEHH,
MBI TOJy4YaeM TaOJMIly COOTBETCTBYIOIIMX 3HAUEHUN IMepeMeHHbIX t u S. 3amaua
COCTOUT TEIeph B TOM, YTOOBI, HCXOAs M3 HAOJI0IaeMbIX 3HAYECHHH, TTOJ00paTh
noaxoxsuiee 3HaueHue ¢. Ecau Obl nanHble HaOMOAEHUS OBLTH TOYHBIMM, TO AJIS
HAaXOXJCHUSI BEJIWYUHBI ( JOCTaTOYHO OBUIO HUMETh OJHO 3HaueHue 1 u
COOTBETCTBYIOIIee 3HaueHue S. Ho mosyueHHble 3HAYEHHUS S COJEpP>KAT OIIMOKU
U3MEpPEHUN W M3 KaXIO0ro HaOmoAeHus OyAeT MOoJayyaThCs APYroe 3HaueHHE S;
HY)KHO MOJ00paTh 3HAY€HHE S TaKUM, UYTOObl OHO HAaWJIy4IIMM OO0pa3om

YAOBJICTBOPAJIO BCCM Ha6J'IIOI[eHI/I$IM.



Eme wame npuxomauTcs BcTpeuaTbesl ¢ Ooisiee oOmield u Oojee CIIOXKHON
3aja4yeil: B pe3yibTare HaONIONCHUN TONydYeH DS 3HAUYCHUH TEPEeMEHHBIX X U ),
OJTHAKO HWCTHUHHBIM XapakTep (YHKIMOHAIBHONH 3aBHCHMOCTH MEXKIy HHUMH
OCTaeTcss HEM3BECTHBIM. 37€Ch MBI MOXKEM CTaBHUTBH Iepe]] COOOH IeNlb Moao0paTh
Kakyto-mu00  QopMmyiny, HawIydImuM o00pa3oM OTOOPaKAIOIIYI0  IOJyYeHHBIE
pe3yabTaThl. [IpUMEHSIOTCS JBa pPa3IMYHBIX METOJA MOCTPOCHUS Takux (OpMydl.
OmuH W3 HUX COCTOMT B TOM, YTO CTPOUTCS MHOTOWICH, MPUHUMAIONUNA B
3aJaHHBIX TOYKAX 3a/laHHbIC 3HAYCHUSA, a MMEHHO: 10 JIBYM H3BECTHBIM TOYKaM
CTpouTCs TUHEeHHass QyHKUMS (TIpsiMasi), I0 TpeM - KBajpatudHas (mapabosa) u T.
n. JlocTOMHCTBO 3TOro MeToJa B TOM, YTO MOJydYeHHass (GopMysa B TOYHOCTH
BOCIIPOM3BOJUT 3aJaHHbIC 3HadeHWs. Takoro poaa (GOpMyJIbl HOCAT Ha3BaHHE
UHMEPNONAYUOHHBIX POPMYIL.

Hpyroii Meron moadopa SMIHpUYECKUX (OPMYJ COCTOMT B TOM, YTO IIO
JTAHHBIM pe3yJbTaTaM HaOJIOJCHUN mojdupaeTcsi Haubosiee mpoctas ¢Gopmyia TOTo
WM WHOTO THUIIA, Jarolias Hawiaydinee MPUONTMIKEHHE K WMCIOIMIMMCS JaHHBIM.
[Ipu sToM popMyIia HE BOCTIPOM3BOAUT B TOYHOCTH JAHHBIX HAOJIOIEHUS, HO 3TOTO
Y HET CMBICIIa TPeOOBATh, YUUTHIBAS, YTO MOJIYYCHHBIE PE3YJIbTAThl MOTYT COJIEPKATh
OIIMOKU U3MEpPEHUH.

[Ipexxne yem mepexoauTh K BOIMPOCY O BRIOOPE THMA MOAXOAAIICH (HopMyIIbl 1
moa0ope mapamMeTpoB, HYXKHO yYTOYHUTH, YTO CJEAYET MOHMMATh IMOJ CJIOBAMHU
«HAWJIydIlee COBMAaJCHUE C UMCIOIMUMUCS JAaHHBIMU». DTHM CIIOBAaM MOXXHO
MPHUIaBaTh PA3IMIHBIA CMBICI, U TOT/Ia MBI OYZIEM IOJTy4aTh Pa3IudIHbIC (POPMYIIBI
JUIA OJIHAX M TEX K€ pe3yibTaroB HabmomeHui. Kaxnas u3 HuX OyaeT B CBOeM
CMBICJIE «HAWTYULLIEW».

Yaire Bcero mpu mo0d0pe SMIUPUIECKUX (POPMYIT MTOJIL3YIOTCS TaK Ha3bIBAEMBIM
METONOM (npunyunom) Haumenvuiux xeadpamos. OH OCHOBaH Ha TOM, YTO U3
0anno2o muodcecmsea opmyn euoa y=f(x) naunyuwum obpazom uzobpadxcaioweti
OaHHble 3HAYeHUsi cuumaemcss ma, Olsl KOMOPOU CYyMMA K8aopamos OMKIOHeHUU
HAOM00AeMbIX 3HAYEHUL O BbIYUCTEHHBIX ABIAeMC S HAUMEHbULELL.

[Toxdop mapamerpoB dyukuuu f(x), OCHOBaHHBII HA TOM METOJE, HA3LIBAIOT
CNOCOOOM HAUMEHbULUX KBAOPAMO8.

Heo0xo1mMo MOMHHTB, YTO CIOCOO HAUMEHBIIINX KBAJPATOB MPUMEHSETCS JIJIs
oI0opa ImapamMeTpoB Mmocie Toro, kak Bua Gpynkuuu y = f(x) onpenenen. Ecnu u3
TEOPETHYCCKUX COOOpaKCHUU HEIh3s ClIeaTh HUKAKUX BBIBOJOB O TOM, KaKOM
JOJDKHA OBITh JMIUpHUYEcKass ¢GopMmysia, TO TMPUXOJUTCS PYKOBOJCTBOBATHCS
HaIJBTHBIMM - TIPEJACTABIACHUSAMM, TIPEXKAEC BCEro TIpadUyecKuM H300paKCHHEM
HaOJIFOIeHHBIX MaHHbIX. Bun dynkuu y = f(x) BeiOupaercs rakum o6pa3om, 4ToObI
rpaduK 3TON (PYHKIHUHM MO BO3MOKHOCTU OJIM3KO HAMOMHHAI PACIOJIOKEHUE Ha
rpaduke TaHHBIX HAOTIOACHUSI.



[TokaxxeM, Kak TPAaKTUYECKH MOAOMPAIOTCS IO CIOCO0Yy HAWMEHBIINX
KBaJpaToB KO3PGUUMEHTH a1 (QyHKUMA npocTedmux BugoB. OrpaHuyumcs
CIEeyIOUMMHU BUaMu (GyHKUUN: TuHeHas QyHkuusa (y = ax + b), KkBaapaTudHas

¢yukuus (y = ax?> + bx+c), runepbona (y = a+ ;) U ToKa3zaTenbHass QYHKIUS
(yv=a b").
1.2 JInneitnas pyHkuus

JIuneitnas ¢yHKIMA UMeeT BU: y = ax + b
[TycTb 3amaHa Tabiuiia 3HaUYE€HUH MEPEMEHHBIX U COOTBETCTBYIOIIHE

TOYKH pacIoiararoTcs BOMW3M mpsMoi jauHUU (puc. 2). B 3ToM cimyyae Hy»KHO
noaoupars Kod3hPUUUEHTH TUHEHHOU QYHKIIUM y = ax + b

M,

My Ms
Pucynok 2.

TaK, YTOOBI CyMMa KBaJpaToB OTKIOHEHHMH BBIYMCICHHBIX 3HAYCHMH axj + b oT
HaOJII0AaeMbIX 3HAYEHUH yj T. €. BEIUYMHA
U = (ax1 + b - y1)?+ (axy + b—y2)? +...+ (ax, +b — y,)?, npuHnMana HauMeHbIIEE
n
snadenne. Cymma U= > (axi +b — y;)? sBisietcst pyHKIHMEH ABYX MEPEMEHHBIX d U
i=1
b, a moaTOMy OHa IPUHUMAET MUHUMAJILHOE 3HAYEHHE TIPH T€X 3HAYCHUSX a U b, mpu
KOTOPBIX 00PaIIatoTCs B HYJIb YaCTHBIE IIPOU3BOIHBIE 3TON (PYHKIIUH IO KAXKIOH
IIEPEMEHHOM, T. €. KOT1a:

ou U

& _ o
oa 1 5b

HaXOI[HM YaCTHBIC IIPOU3BOJIHLIC!




IIprpaBHUBas KAy YaCTHYIO POU3BOAHYIO HYJIIO, IIOJIy4aeM CUCTEMY JIBYX
JMHEHHBIX YpaBHEHHUI OTHOCUTEIBHO a 1 b

S S
Son Sy

(=B

1.3 KBaaparnunas QpyHkums

KBajpatuunas QyHKIMs UMeeT BUA. ¥ = ax’ + bx+c .
B ciydae kBagpatndHON (QYHKIIUH CIIEAYET paCCMaTPUBATh CYMMY:

m
VBB =5 S =2V,
=
KOTOpas ABjseTCs PyHKLIUENR TpeX MepeMeHHbIX @, b 1 C, a mosTOoMy MpUHMMAaeT

MUHHMAaJIbHOE 3HAUCHHUE MTPH TeX 3HAYCHUAX &, b U C, ipu KOTOpBIX 0OpaIarTcs B
HYJIb YaCTHBIE MPOU3BOHBIE ATOM (PYHKIIMHU MO KaXI0W MEPEMEHHOM, T.€ KOra

N g U
oa ' ob oc

[IpupaBHUBaeM KaX1yl0 YaCTHYIO IPOU3BOIHYIO HYIIO, OJy4aeM HOPMAIbHYIO

CUCTEMY:
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1.4 ®yukuus - runepoosa

['unepOoa uMeer cienyromuii BuI: y = a+ b/X .
[IpuMeHeHe METOIa HAMMEHBINNX KBAJAPATOB MPUBOAUT K PACCMOTPEHHIO
CYMMBI BHJIQ



- b
U= Zaﬂy—){)z
ia >

SBnsromeiicst pyHKIMEH IBYX MEPEMEHHBIX TapaMeTpoB a u b.
OTpICKaHUE YACTHBIX MPOU3BOJHBIX JAET
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OTcroga MOKHO 3aIucaTh HOPMAJIBHYIO CUCTEMY ISl OIIPENETICHUS TapaMETPOB

aub.
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1.5 Ioka3aTenbHasg PyHKIUA

[Toka3zarenbHast QyHKIUS UMeeT BHI: Y = a' b .

Hcnonb3yetcs norapupmMudeckoe npeodpazoBanue GpyHkimuu y=ab* k Buxy
Iny = In(ab*) = xInb + Ina,
BhIpakaromiemMy INy kak JuHeiHyI0 GYHKIHIO OT X npH mapamerpax Ina u Inb.
Omnpenenenre TUX NapaMeTPOB CBA3BIBAETCS 3/I€Ch C OTHICKAHUEM I10 CIIOCO0Y

HaMMCHBIIUX KBAAPATOB MUHHUMYMa CyYMMbI BHA:
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N3 ycnoswuii
aJ
no o5=0.
olnb
OTH yCI0BUS NPUBOAAT K HOPMAIBHOM CUCTEME, KOTOPAs MO CTPYKTYpE CBOEH
aHaJIOTrMYHa CUCTEME, MMOJTYYEHHOUN B IEPBOM ciiydyae JUisl IMHEWHON (QYHKIIUU:

2

olna

Inb #8535,
Inb Z(—Hfl azz

Haiinennble u3 3Toi cucremsl 3HayeHud Ina u Inb mo3BossroT jierko ¢
MIOMOIIBIO TaOJIHI IOrapr(PMOB UM KAIBKYJIATOpa OMPEaAeIUTh 3HaUeHusA a u b.

1.6 IlpuMepbI penieHUs1 TUMOBBIX 327124

llpumepl.
JlanHble 0 11eHe Ha HePTh X (YyCl1.€/1) U UHACKCE aKIUi HEPTAHBIX KOMITAHUH Yy
(ycn.en) mpuBeieHbI B TaOIUIIE 2.

Tabnuma 2

xj| 17,3 |17,0]18,3|18,8 | 19,2 | 18,5

yi| 537 | 534 | 550 | 555 | 560 | 552

[Ipennoinaras, 4To MEXIY NEPEMEHHBIMU X U Y CYLIECTBYET JIMHEIHAS 3aBUCUMOCTb,
HANTH SMIMPUUECKYIO opMyiry Y=ax + b MeTo/10M HaMMEHBIITNX KBaJIpaToB.
Pentenue.

[Tepenmirem TabuIry B BUAC CTOJIOIIOB U MPOBEIEM HEOOXOMMbIC BRIYUCIICHHUS.

Tabmana 3
n X yi X2 Xiyi
1 17,3 537 299,29 9290,1
2 17,0 534 289,00 9078,0
3 18,3 550 334,89 10065,0
4 18,8 555 353,44 10434,0
5 19,2 560 368,64 10752,0
6 18,5 552 342,25 10212,0
y 109,1 3288 198751 59831,1




CocTaBuM cUCTEMY YPaBHEHHH :

1987,51a+ 109,1 b =59 831,1

109,1a + 6b =3288

Otkynma a=11,946, b=330,78, T.e
y =11,94 x + 330,78.



2 JIMHEHHBIE KOPPEJIAALIMOHHBIE MOJIEJIA
2.1 CraTucTu4eckasi 1 KOppeasiiuOHHAS 3aBUCUMOCTH

MHorue 3agauM XHMHYECKHUX TMPOU3BOJACTB TPEOYIOT YCTAaHOBHTh M OLIEHUTH
3aBUCUMOCTb U3y4aeMOU CIIy4yalHON BEIUYHUHBI Y OT OJTHOM WJIM HECKOJBKUX JPYTUX
BEJIMYMH.

JIBe cnyuaiiHble BENWYMHBI MOTYT OBITh CBsI3aHbl JIMOO (YHKIIMOHAJILHOM
3aBUCUMOCTBIO, JIMOO CTAaTUCTUYECKOM 3aBUCUMOCTBIO, JUOO MOTyT OBITH
HE3aBHCHUMBIMH.

Crporue (GyHKIIMOHATBEHBIE 3aBUCUMOCTH U3Yy4alOTCS B Kypce MaTeMaTHYECKOTO
aHammM3a. B MareMaTW4eckoll CTaTHCTUKE PAcCMATPUBAIOTCS — «Pa3MBITHIE»
CTaTHUCTUYECKUE 3aBUCUMOCTH.

3aBUCUMOCTh MEXJy BeauuMHaMu X U Y, cocTosuias B TOM, YTO KaKIOMY
3HAYEHUIO OJTHOM BeMM4MHBI (X) COOTBETCTBYET HE OJIHO 3HAUECHHUE, a paclpeieieHue
3HAUYEHUN JPYTOM BEIMUMHBI, HA3BIBACTCS CIAMUCMUYECKOU 3A8UCUMOCTIBIO.

Koppenayuonnou 3asucumocmoio Ha3bIBaeTCd QYHKYUOHATbHAS 3aBUCUMOCTD
MEXIy 3HAUCHUSMH OJHOW CIy4yailHOW BENWYUHBI M YCJIOBHBIMH CPEIHUMHU
3HAYEHUSIMH IPYrOMl CIIy4allHOW BEJTUYUHBL.

[Ipumep. Ilyctb Y — ypoxkail 3epHa, X —koiaudecTBo yaoOpenuid. C
OJIMHAKOBBIX TO TUIOMIAJM YYaCTKOB 3€MJIM TMPH PABHBIX KOJUYECTBAX BHECEHHBIX
yA0OpEeHUI CHUMAIOT pa3HbIi yposkaid, T.e. Y He SBISETCS OJHO3HAYHOU (DyHKIIHEH
or X. DOT0 OOBSICHSIETCS BIMSIHUEM CIy4alHbIX (DAKTOPOB BIMUSIONIMX HA
yposkaii(ocaaku, Temrneparypa Bo3ayxa u ap.). OIHAKO cpednuti ypooicatl SIBISETCS
¢byHKUMe oOT koinMyecTBa ynoOpeHui, T.e. Y cBsizaH ¢ X KOPPEISIUUOHHOU
3aBUCUMOCTHIO.

2.2 KoppeassunoHHas Tadanua
[Tycth uMeroTCs ABa psia BBHIOOPOUHBIX 3HAYEHUN 3aBUCHUMBIX MEXKIYy COOOMU
CITyJailHbIX BeuIruH X 1 Y.
[Tpu HEOOMBIIIOM YMCIIe BHIOOPOYHBIX 3HAYECHUN CIyYalHBIX BeTUYHH X U Y HUX
3aMUCHIBAIOT B BUJI€ TaOJIUIIbI HAOIIOICHU.
Tabmuua 23

X X1 X2 X3 ... Xn
Y Y1 Y2 Y3 - VYn




[Tpu G6omabiIOM ynCiIe BEIOOPOYHBIX 3HAYEHHUI OJTHO U TO ke 3HaueHue X, MOXKET
BCTPETUTHCS Ny pa3, a 3HaueHue Y — Ny pa3, napa yucen (X,Y) MokeT HaOIoaAaTbes
Ny pa3. Tabmuua, B KOTOpPOW pe3ynbTaThl HAOJIOJEHUN 3alMCcaHbl B TMOPSAKE
BO3pacTaHusl C YKa3aHUEM YacTOThbl, HAa3bIBaeTCs KoppeasiuuoHHOH. IloscHum
YCTPOMCTBO KOPPEJSIIUOHHOMN TAOJIHIIBI.

[Mpumep. [nst wuccienoBaHus 3aBUCUMOCTH O0BEMa MPOU3BOACTBA Y  OT
OCHOBHBIX (POHAOB (X, MJIH.p.), MOTYYCHBI BHIOOPOYHBIE CTATUCTHUECKHUE TaHHBIC 110
MPEANPUATHAM 32 TOA.

Tabmnura 24

B nepBoii cTpoke Tabiuilbl ykazaHbl HaOonaembie 3HaueHus (12; 17; 22; 32;
37) npu3Haka (ciaydaitHOM BelnuuHbl) X, B IEPBOM CTOJIOIE YKa3aHbl HAOJII01aeMbIe
sHaueHust (200; 220; 250) nmpusnaka Y. Ha mnepecedeHun CTpOK M CTOJOIOB
HaXOJATCSl 4YacTOThl Ny, HaONIOAAaeMbIX Map 3HaueHUW mpusHakoB. Hampumep,
yacToTa § yKa3bIBaeT, uro mapa uucen (22; 220) nabmomanack 8 pas. I[Ipouepk
O3HayaeT, 4YTO COOTBETCTByIOIas Tmapa uyucen, Hampumep, (17; 200), He
HaOmonanack. Bce 4acTOThl MOMEIIEHBI B MPSMOYTOJBHHUK, CTOPOHBI KOTOPOTO
MPOBEJICHBI KUPHBIMU OTPE3KAMM.
B nocnennem crosnbiie 3amucaHbl CyMMBbI 4acTOT CTpok. Hampumep, cymma 4actoT
IIEPBOM CTPOKHM <GKMPHOTO» NPSIMOYIOJIbBHHKA paBHa Ny=3+1=4; 310 umcCIO
yKa3bIBaeT, 4YTO 3Ha4deHUEe mpuszHaka Y, paBHoe 200 nabmomanoch 4 pasa. B
MOCJIETHEH CTPOKE 3amucaHbl CyMMBI 4acTOT cToyiOnoB. Hampumep, uucimo 5
YKa3bIBaeT, YTO 3HAUeHHUE Mpu3Haka X, paBHoe 12, HabGmoganock 5 pas. B kiertke,
PaCIoJIOKEHHOW B HW)KHEM MPaBOM YriIy Tabmuibel 13, momemieHa cymma BceX
4acToT (00I1ee YMCIo BceX HAOIIOACHUN).

OueBngno, AJ==DNV=F . B HameM mpHMepe DAlANI= |
Sro—=Hl 4=

2.3 Bb10Opo4YHbIe YpABHEHUS perpeccuu

YVcnosnvim cpeonum Y, Ha3bIBaeTCs cpenHee aprudMeTHndecKoe HaOII01aBIINXCS
3HA4YE€HHUN Y, COOTBETCTBYIOIIHNX X=X.



[Ipumep. Ha kaxaplii M3 3-X OJMHAKOBBIX YYacCTKOB 3€MJIM BHECEHBI IO 2-€
€MHULIBI yIOOpEHUs! U CHSUIM COOTBETCTBEHHO 5; 7; 12 eaunun 3epHa. M3yuaercs
3aBHCHUMOCTh MEXIy cllydailHbIMM BenmnuuHamu X u Y. Kaxaomy 3HaueHuto X

COOTBETCTBYET HECKOJIbKO 3HAYCHUH Y X1=2; Y1=9; Yo=7; Yy3=12. Cpennee

y . -~ - A <
apu(pMETHIECKOE DTUX YUCEN (CPEMHUM ypOKah):  DE=3F~ _— =€, Yucio Y,

ABJISIETCS] YCJIOBHBIM CPETHUM.
AHAJIOTHYHO OINPEIENSETCS YCIOBHOE CPEHee Xy . YCIoeHbIM cpednum Xy
Ha3bpIBae€TCsl  cpenHee  apudmeTmdeckoe — HAOMIOMABIIUXCS — 3HAYCHWH X,
COOTBETCTBYIOIIHX Y =Y.
Koppensimonnoit  3aBUCMMOCTBIO Y  OT X  sABIsAeTcs  (yHKIMOHAIbHAsS

3aBUCUMOCTE: Y = f(x). OyHKIMIO f(x) nasssator BBIOOpOYHOH perpeccueid Y Ha

X, a e€ rpaduk — BeIOOpOUHOM JuHKEH perpeccun Y Ha X. A ypaBHeHue Y = f(x)
Ha3bIBa€TCs BBLIOOPOYHBIM ypaBHEHUEM perpeccun Y Ha X.
KoppensiuonHoil 3aBUCUMOCTBIO X OT Yy HasbBaeTcs (PYHKIIMOHATbHAS

3aBUCUMOCTB: Xy = ((X). DyHKIHIO () naswizaercs BBIOOPOUHOM perpeccueit X mo
Y, ypaBHEHHE Ha3bIBAC€TCsl BHIOOPOUYHBIM ypaBHeHHEM perpeccun X Ha Y, a eé

rpaduk Ha3bIBAETCS BBIOOPOUYHOW JTUHUEH PErPECCUM.

OcHOBHBIE 337]a4¥ TEOPUU KOPPETSALIUU
1. YcTaHOBUTB 3aBUCUMOCTh MEXKY CIIy4dalHBIMU BEJIMYMHAMU B BUAE (HOPMYJIBI.
2. OueHUTh TECHOTY (CUITY) KOPPESIIUOHHON CBSI3H.
[Toschum mnocnenHoow 3amady. TecHOoTa KOPPEISUMOHHOM 3aBUCHUMOCTH,
Harpumep, Y oT X OILIEHMBAETCS IO BEIMYMHE pACCesHUs] 3HAuYeHUU Y BOKpYT

YCIIOBHOTO cpenHero Y, . bonblioe paccesHue CBUACTENBCTBYET O Cia0oi
3aBUCUMOCTH Y oT X, nubo0 00 OTCYTCTBMU 3aBHCHUMOCTU. Maiyioe paccesHue
YKa3bIBaeT Ha HAIMYME CHIIBHON 3aBUCUMOCTH.

2.5 OrpIickaHue NapaMeTPOB BHIOOPOYHOI0 YPABHEHUA NPAMOM JIUHUM
perpeccum no HeCrpynnupPOBAHHBIM JAHHBIM

[Tycth u3ydaercst cuctema KoiaumdecTBeHHbIX mpu3HakoB (X,Y). B pesynpTaTe n
HE3aBHCHMBIX OIBITOB MOJy4eHbI N map uucen (X1, Vi), (X2, Y2),... (Xn, Yn),
3aMMCaHHBIX B BUJE TaOnuipl 12(HeCrpynnupoBaHHbIE BBIOOPOYHBIE JIAHHBIE).

HaiinéM BBIOOpOYHOE ypaBHEHHE MNPAMOM nuHMU perpeccun Y Ha X Yo=Kx+b,
VYrioBoi ko3¢ duLreHT npsiMoit TuHuM perpeccuu Y Ha X Ha3bIBalOT BHIOOPOYHBIM

k03¢ uyuenmom peepeccuu Y Ha X n o6o3Hayatotr P BEIOOpOUHOE ypaBHEHME
NpsIMOW TMHUU perpeccur Y Ha X NPpUHUMAET BUI:



v.=ax+c (14)

PazHoctt ¥ G=’!215 , Ha3bIBAIOTCA OTKJIOHEHUSIMH BBIOOPOYHBIX
3HAUYEHUH OT TEOPETHYECKUX 3HayeHuM mpu3Haka Y. Y; — BBIYUCICHHAS IO
ypaBHeHuio (14) opauHaTa, COOTBETCTBYIOIIAs HaAOJI0aeMOMY 3HAUYECHUIO Xi; Vi —
HabOro1aemasi BBIOOpOYHasi OpJMHaTa, COOTBETCTBYIOIAS 3HAUCHHUIO Xi.

[on6epém mapameTpsl ©» 1 b Tak, 9T06BI CyMMa KBaJpaToB OTKIOHEHHI! OblIa
MHUHUMAJbHONH (B 3TOM COCTOMT CYIIHOCTh METO/Ia HAaWMEHBIIUX KBaJpaToB).
Kaxxioe OTKJIOHEHHME 3aBUCHT OT OTBICKMBAEMBIX MapaMEeTpOB, MOSTOMY CyMMa

KBa/[PaTOB OTKIOHEHHH ecTh (GyHKIMS F 3THX mapameTpoB (BpeMEeHHO BMecTo ©»
Oyzaem mucats ).

JIJist OThICKaHHWS MHMHMMYMa 5TOM (YHKIMM HaWIeM W TpPHUPABHUBAEM K HYIIO
COOTBCTCTBy}OHlI/Ie YaCTHBIC HpOI/IBBOILHBIGZ
S = TE O
= ' !
e o)

=

Brinonnus npeoOpazoBaHus, MOTYyYUM CUCTEMY YPAaBHEHUM:

Y ——h

PermB 3Ty cucreMy, Hai1€M ONTHUMAaIbHBIC 3HAUCHHSI TAPAMETPOB:
Xy =xXy
e -Ex)
Xy xxy
nz X 2 @ X)z

AHANOTMYHO MOXKHO HaWTH MapaMeTpbl BBIOOPOYHOTO YpPABHEHMS MPSIMOM

b —
D=

nmuHun perpeccud X Ha Y Xy= pyy + C:

QF-E%ES; Mo ——

IIpumep. HaiiTu BEIOOpOUHOE ypaBHEHWE MPSIMOi JTHHUM perpeccun Y Ha X 10
JaHHBIM TISTH HaOMroaeHui (N=5):

TaOmura 25

x 11,00|1,50] 3,00 (4,50 5,00

y 11,25(1,40|1,50 1,75 2,25




CocTtaBUM pacuy€THYIO TaOIUILY:

Ta0mura 26
Xi Yi X XiYi
1,00 1,25 1,00 1,250
1,50 1,40 2,25 2,100
3,00 1,50 9,00 4,500
4,50 1,75 20,25 7,875
5,00 2,25 25,00 11,250
DX =1E| DY =81t | DX5PB| DXy=—"26"

Bpruuciaum 3HaueHUS [MapamMCTpOB I10 ITPUBCACHHBIM BLIIIIC (I)OpMy.]'IaM.

=S e VpaBHEHHE  pErpeccMd  HMMEET  BHI:

Y=EP OO =
st Toro, 4yTo OBI MOJYYUTH MPECTABICHUE, HACKOJIBKO XOPOIIIO BHIYMCICHHBIC
110 A’TOMY YPaBHEHUIO 3HAYEHUS Y| COTJIACYIOTCSl ¢ HAOJII01aeMbIMU 3HAUYCHUSIMU Y,

HalEM OTKJIOHEHUA Yi-Yi. Pe3ynbTaThl BBIYMCIEHHI PUBEIEHBI B TabauLe 27.
Tabnuma 27

Xi Yi Yi | YiVi
1,00 | 1,226 1,25 | 0,024
1,50 | 1,327 | 1,40 0,073
3,00 1,630 |1,50| 0,130
450 1,933 |1,75| 0,183
500 2,034 |2,25]| 0,216

BunHo, 4TO BCe OTKJIOHEHHS JOCTATOYHO MaJIbl. DTO OOBACHAETCS MAajbIM YHCIOM
HAOJIFOICHUIA.

2. OTbICKaHHE MAPAMETPOB BHIOOPOYHOT0 YPABHEHU S
NPSAMOi JINHUM PerpecCHH MO CrPyNNMPOBAHHBIM JTaHHBIM

Briie Oplma moslydeHa cUCTeMa YpPaBHEHHMM MJisi OMpEETICHUS TMapamMeTpoB
ypaBHEHUS TIPSMOM JTUHUU perpeccun Y Ha X.

P X)) +bQ ¥ =>xy (1)
P X)+nb=2"y



IIpeanonaranoce, 4To 3HaYEHUS Xi U COOTBETCTBYIOLIUE UM 3HAYEHUA Yi
HaOJII0JAIUCh IO OAHOMY pasy.

IIyctb momyueHo OO0JdbIIOE YHCIO JAaHHBIX, CpPEAM KOTOPBIX  €CTh
MOBTOPSAIONIMECS M IYyCTh OHHU CIPYNIMPOBaHbI B KOPPEISLHUOHHON TaOmuIle.
3anuieM CHCTEMY TakK, YTOOBbl OHa OTpakasla JaHHbIC KOPPEJSIIMOHHON TaOJHIIbI.

_ B X e
Bocnonb3zyemcst  TOXIeCTBaMM: ZX=”X (cnenctBue U3 x=zn: ); ZY—”Y

_ Yy
(ciaencrBue u3 Y=T);

_ X
23¢=r%¢ (crencTere u3 ><2=Zn ); Z(y:E?( (Yy4TEHO, YTO IIapa YHCE

(X,y) HaOmogamuch Nyy pas).
[ToycTaBUB MpaBbIe YaCTH TOKIACSCTB B (1), COKpaTHB Ha N, MTOJTYIHM:

{p o x e b(ax)= Y n,, xy;

T o ()b=y.

Penme o1y cucremy, HaiéM Kospuuuent perpeccun Y Ha X: p,,

__
166>
[TapameTp «by Haiiném u3 BTOpOro ypaBHeHUs cucteMsl (1):
b=y—,X
[locTaBUB MpaByIO YacTh MOCIEIHETO PABEHCTBA B ypaBHEHHE Yx=—4R>HC
MOJIY4YHM:
My o3 ypaBHEHHUE NPSIMOW JTUHUM perpeccuu Y Ha X.
AHaOrMYHO MOKHO HalTH k03P duureHt perpeccun X Ha Y
K
)
YunteiBas uto X =2y rpe C=X—2.Y, nonyuuM ypaBHEHUE TPAMOIl JTUHUM

perpeccnn X Ha Y: S5—><20-S),

2.6 Bo10opouHblii kK03 PUIIHEHT KOpPeasiiun

B ciyuae MOJOKHTENBHBIX KOIPGUIMEHTOB perpeccuu ¥ , Koppensiuio
HAa3bIBAIOT TOJIOXKUTEILHON, B ATOM CIIy4ae MPSMbIE PETPECcCHU 00pa3yroT OCTphIC
YIJIBI ¢ COOTBETCTBYIOIIMMHU OcsiMu kKoopauHat (puc.l). Ilpsimas perpeccun Y Ha X

uMeeT KOI(PQPUIHUEHT perpeccuu P.=t9  rae o — ocTphlil yroy, o0pa3’oBaHHbIM



npsmoit (1) ¢ ocero OX. [psimas perpeccun X Ha Y umMeeT K03(PGUIIUESHT perpecCuu
Py =196 rne B — ocTpslii yroi, o6pa3oBaHHbIi mpamoii (2) ¢ ockio OY.
[Ipu oTpumarenbHbIX KOXDOUIIMEHTAX PErpeccur KOPPESAIUI0 Ha3bIBAIOT

OTpULIATEIILHOM, a TpsIMbIE PErpeccuu O00pa3yloT C COOTBETCTBYIOIIMMHU OCSMU
TYTBIC YTIIBI.

[

P [

o™

| =

Pucynoxk 3 - [Ipsimbie perpeccun: Y Ha X (1), X Ha Y (2)

O TecHOTE CBSI3U MEXIy pu3HakamMu X U Y MOXHO CyJWTh MO BEJIMYUHE YTIIIa,
00pa30BaHHOIO TMpPSMBIMU perpeccud. Yem MeHbIIE 3TOT Yrojl, TE€M TeCHee
KOppEeAIUOHHAs 3aBUCUMOCTh Mexay X u Y. [Ipu ciausHuu 3TUX JBYX NPSIMBIX B
onHy Mexay X u Y HMEEeT MECTO HE CTaTHUCTHYECKas 3aBUCHUMOCTh, a JIMHEHHas
@DYHKYUOHANbHAS 3ABUCUMOCTb.

B kauectBe Mephl TECHOTHI JIMHEMHOW KOPPEISLMOHHOM 3aBUCUMOCTH
MPUHUMAETCSL BBIOOPOUHBII K03hpuyuenm Kopperiyuu :

CBoiicTBa BEIOOPOYHOTO KO3 PULIMEHTA KOPPEISALHUU:

1. 3nauenus KOdPPuUIMEHT KOPPENSALMU U3MEHSIOTCS HA MHOXKECTBE

2. Uem Gombure |s|, Tem Tecnee cBs3b MEXIY U3Y9aeMbIMHU KOJIMYECTBECHHBIMU
pU3HaKaMHu.

3. Ecin s/ =1, 10 KOPPEISAIUOHHAS 3aBUCUMOCTb SBJISETCS (DYHKIIMOHATIBHOM.

4. Bcim 's =0, T0o MeX 1y n3ydaeMbIMM IPU3HAKAMHU HET JTUHEHHOM
KOPPETSAIMOHHON 3aBUCUMOCTH, YTO HE UCKJIIOYAET CYIIECTBOBAHNE KAKOTO-
00 IPYroro BUAA KOPPEISIIMOHHON 3aBUCUMOCTH (ITapaboanvecKoi,
MOKa3aTeIbHOM U Jp.).

Ecm [rVn—1=E , TO CBSI3b MEXIY CIyYalHBIMH BEIHYUHAMH OOCHIAMOYHO
geposimua. B ciydae eciu CBsI3b MEXIYy CIydalHBIMH BETUYMHAMH MaJIOBEPOsTHA,
HAXOX/ICHUE YPABHEHUN JINHUM PETPECCUU HE UMEET CMBICIIA.

Paccmompum nekomopuie ghopmynsi, ucnonv3yemvie 0Jis bIYUCTEHUS
Koahpuyuenmos pecpeccuu u Ko3guyuenma Koppeisiyuu.

Z

raxs !

e






3. JIuHeliHnble ONITHMHU3AIUOHHBIC MOAECJIH C OrPAHUYCHUAMU

TepMuH «IMHEHHOE NporpaMMHpOBaHHE» BIIepBble mosBUicS B 1951 r. B
pabotax amepukaHckux ydeHblx (/Dx. [Hanmur, T. Kymmanc), a mnepBele
HCCJIENIOBAHMUS [0 JIMHEHHOMY MPOrpaMMHUPOBAHUIO (OCHOBHBIE 3aJauyd MU
MPWIOKEHUS, KPUTEPUA ONTHUMAIBHOCTH, SKOHOMHUYECKAs] UHTEPIPETALNS, METObI
pellIeHus1, TeOMETpUYEeCKasi HHTEPIIPETalrs Pe3yIbTaTOB PEIICHNs) ObUTH TPOBEICHBI
B 1935-1939 rogax B Jlenunrpaackom ynusepcurere JI. B. KantopoBuuewm.

[Ton nMHEMHBIM IPOrpaMMHUPOBAHUEM IOHMMAETCS JIMHEWHOE IJIAaHUPOBAHUE,
T.€. IOJIy4€HHE ONTUMAJILHOTO IIJIaHa - PELLEHUS B 3a7ja4ax C JMHEHMHON CTPYKTYpOH.

JIuHeliHOE TNPOrpaMMHMpPOBAHUE LIMPOKO MPUMEHSETCS B XUMHUYECKOH
MIPOMBINUICHHOCTH, YIPaBJICHUH MPOU3BOJACTBEHHBIMH IPOLIECCAMHM M 3alacaMu, B
HSKOHOMUKE U Ha TPAHCIIOPTE.

3.1 IlocraHoBKa 32124 JIMHEHHOH ONTHMHU3ALMHU C OTPAHUYCHUSAMH

O6eit 3apaueii muHeitHoro nporpammupoBanus (3JII1) Ha3pIBarOT 3a7a4Yy:
MakcuMU3UpOBaTh WIKM MUHUMHU3UPOBATH (DYHKIIUIO

f=>c¢x (1)

3 a,x, <b(i=Lm,),

j+l

D ayx; =b(i=m, +1m,),

j=1

MPH OTPAHHICHHSIX > a;X; b (i=m, +1m) (2)
j+1

X; 20(j =1n,),

X; —npouseoavmwie(j =n, +1,n),

rae Cj, aj, Di -3amanHbBIe neiicTBUTENbHBIE Ymcna, (1) - memeBas ¢ynkuus, (2) -
orpaHuyenus, X = (X, X,,..,X,) - IUIaH 3a/1a4u.

DKOHOMMYECKasi WHTEpIpeTalus 3agaun JIII cocrour B ciemyromem.
Mopgenupyemass cuCTeMa  XapakKTEpPU3yeTCsl HAJIWYUMEM  HECKOJBKHX  BHUIIOB
«IIPOU3BOACTBEHHOM JAEATEIBHOCTI» (] :ﬁ) , I OCYLICCTBJICHHUS KOTOPBIX
TpeOYIOTCS MMEIOIIUEC B OTPAHUYEHHOM KOJIMYECTBE Pa3IMIHbIE PECYPCHI b, ,i=1m.

Pacxomx I-ro pecypca Ha eAMHHUIly MNPOAYKTa |J-TO BHAA IPOM3BOJACTBCHHOM



JESITETPHOCTH paBeH &jj. B cBOIO odepenpb MpH TakOM MOTPEOJICHUH pPE3yNbTaT J-TO
BUJIa IPOU3BOJCTBEHHOMN NEATEIbHOCTH JJI €AMHUIBI COOTBETCTBYIOIIETO MPOIYKTa
(ynenbHas CTOUMOCTb WJIM IPUOBLIb) XapaKTEPU3YETCs BEIMYMHOM C;j.

[lear mocTpoeHUS MOJAENIU COCTOMT B ONpeneNeHUuu yposHeu (00BEMOB
MIPOU3BOJCTBA) Ka)XJOr0 BHJA MPOU3BOACTBEHHOMN AESITENBHOCTH Xj, MPU KOTOPBIX
ONTUMUBUPYETCS (MAaKCUMHU3UPYETCSd WM MUHUMHU3HUPYETCs) OOIMM pe3yabTar
MIPOU3BOJICTBEHHOMN JEATENHHOCTH CUCTEMBI B 1[EJIOM 0€3 HapyIICHUsI OrpaHUYCHUH,
HaKJIaJbIBAEMbIX Ha UCIIOJIb30BAHUE PECYPCOB.

Onmumanenvim peuweHuem (M onmumanvHuim nianom) 3JII1 HazbiBaeTcs
pemenne X = (X,,X,...,X,) CHCTEMBbI OTpaHHMUYECHMH (2), TMPU KOTOPOM IHHEHHAs

¢byskus (1) npuHUMaeT onTUMAalIbHOE 3HAUYCHHE.
TepMUHBI «PEIICHHE» U «IUIaH» - CUHOHHMBI, OJHAKO NEPBBIA MCIOJIB3YETCS
yaiie, Korga peyb uAeT o (opMajbHOW CTOPOHE 3aJayd (ee MaTeMaTUYecKOM

pelieHn), a BTOPOM - O COAEpXKATEIbHOM CTOPOHE (PKOHOMHUYECKOM
MHTEPIPETALIHH).
Cummempuunoti gpopmoti 3anucu 3JII1 HazpiBaroT 3a7auy
n
max f =>¢x; 3
j+1
i J—
a.x. <hb(i=1m)
= (4,5)
X; >0(j =1,n)
WJIK 3a/1a4y
n
min f =>"c¢;x; (3a)

j+1

n a.x; >b.(i=1,m)
;‘ o (4a, 5a)

X 2 0(j =1n)



3.2 Pemuenue CJIAY B popme KOpAaHOBBIX Ta0JIMIL
3.2.1 OcHOBHBIC IOHATHS

Obmas hopMa 3anrcu CUCTEMBI JIMHEHHBIX allreOpandyeckux ypaBHEHUN
(CJIAY) umeert Bu:

a, X, +a,x, +...+a,x, =b,
Ay Xy + AyoXy +.oHay X, =Dy,

(6)

Ay Xy + X, + .t ag X, =b,
/i€ a;- TMOCTOSIHHBIC KOA(DPUIIUECHTHI,

M - YKUCIIO YpaBHEHUH,
N - YKUCI0 HEM3BECTHBIX,
b, - cCBOOOIHEIC YJICHEI,

X HCU3BCCTHBIC BCIMYUHBI.

COBOKYITHOCTb 3HaUYE€HUN HEU3BECTHBI, KOTOpasi 00paIlaeT Bce ypaBHEHUS
CUCTEMBI B TOXKJECTBA, HA3bIBAECTCS PEIICHUEM ITON CUCTEMBI.

CJIAY Ha3bIBaeTCsi COBMECTHOM, €CIIM OHA UMEET XOTs ObI OJHO PEIICHUE U
HECOBMECTHOM B IMIPOTUBHOM CITy4ae.

CoBMecTHas cucTeMa MOKET UMETh OJIHO PEILICHUE UIIN OECUMCIEHHOE
MHOECTBO PEIICHUMN.

Teopema Kponexepa - Kanennu. JIna comectHoctu CJIAY HeoOxoaumo u
JI0OCTaTOYHO YTOOBI pAHT MATPHUIIBI ITOW CUCTEMbI PABHSUICS PAHTy €€ PacIIupPEeHHOMN
MaTpHIIBI.

Teopema. CoBmecTtHast CJIAY nmeeT equHCTBEHHOM PEIIeHUE, €CIIH PAHT €€
MaTpHIIbl PABEH YUCITY HEU3BECTHBIX (I'= N) 1 O€CUNCICHHOE MHOXECTBO PEIICHUH,
€CJIM PaHT €€ MAaTPHIIbI MEHBIIIEC YUCIIa HEU3BECTHBIX (< N).

B nmmHETHOM IpOrpaMMHpPOBAHUN CUCTEMBI YPABHEHUM — OTPAHUYEHUN UMEIOT
OecUMCIIEHHBIE MHOYKECTBA PELICHUM, U3 KOTOPHIX HEOOXOUMO HAUTH pelICHUS
COOTBETCTBYIOIINE ONTUMATIBLHOMY 3HaUYCHUIO QYHKIMU 11eau. Bee yacTHbie
pemenus CJIAY (1) comepxatcs B o6uem peuteHu STOU CUCTEMBI:

.
X, =b -, X, — e ax,,
Xy = b2 =8y X T A Xy,

..................................... (7)
Lxr = br — A g Xy e T A Xy,

r7€ X,...X, - 0A3WCHbBIC IEPEMEHHBIE,



X,y - -+ X, = CBOOOJIHBIE IEPEMEHHBIE.

Ecnu B 001iem perennu (7) cBOOOAHBIM MEPEMEHHBIM MTPUCBOUTH HYJIEBbIC
3HAa4YE€HUs, TO MOIYUUTCS YACTHOE PELeHUE, Ha3biBaeMoe basucuwvim (b, ...b., 0,...,0).

ba3ucnoe PCIICHUC, HC COACPKAIICC OTPUIATCIIbHBIX 3Haq€HHﬁ, Ha3bIBACTCA
OIIOPHBIM.

3.2.2 ’KopaaHoBbl TA0JIHUIIBI

3anmumem CJIAY (7) B dopme TaOauIIBL:

..................

Takyto Tabnuiy 0OBIYHO Ha3bIBAIOT )KOPAAHOBON TaOIMIICH
(MonudupoBaHHOM KOpAaHOBOW Tabnuieil). [lepBblil cTonber siBisieTcs
3arjlaBHBIM CTOJIOIIOM TaOIMIIbI, a epBasi CTPOKa — 3arjaBHON cTpokoi. CBOOOIHbIE
MIEPEMEHHBIE CTOAT CO 3HAaKOM MHHYC. Bo BTOpoM cT01011e (101 €AMHULICH)
pacrosararoT CBOOOHBIE YJICHBI yPAaBHEHUH.

B xauecTBe 6a3uCHBIX MOKHO B35Th JpyTrHe nepeMeHHbie. [ nmepexoaa K
Ipyromy 0a3ucy, B KOTOPOM MEHSIOTCSI MECTaMH ojHa Oa3ucHas ( x, ) ¥ oJIHa

cBOOOHAS (x, ) TEpeMEHHbIC HECOOXOMMO BBITIOJIHUTH OJIMH TIepecUeT TaOIUIIbI

(oMH TIar XKOopJaHOBBIX UCKIIIOUeHUM ). [Ipu BeIMOTHEHNH MIepecyeTa TabIUIIbI
CTPOKY HOMep K Ha3bIBAIOT pa3pemiarolieil CTpOKOM, CTOJI0eI] HOMEpP S Ha3bIBAIOT
paspeniaronuM CTOJIOIOM, a IJIEMEHT a,, - Pa3PEIIAIOIINM JIEMEHTOM.

..................




Hogsrbie k03¢ duiineHTs 0003HaYEHBI CHMBOJIOM «IIITPUX), X 3HAYCHHUS
BBIUUCIISIFOTCS TI0 NpAUIaM nepeciema maonuy.

- pa3pemaronrii 3IEMEHT 3aMEHUTH €r0 00PaTHOW BETNIHHOM;

- OCTAJILHBIC AIIEMEHTHI pa3pelIaonieii CTPOKU pa3IeIUTh Ha Pa3pemaroniiii
AIIEMEHT;

- OCTaJIbHBIE IIEMEHTHI pa3peIIaoIero CToa01a pa3aeauTh Ha pa3peiaonui
AIIEMEHT ¥ U3MEHUTH 3HaK Ha MPOTUBOMOJIOKHBIN;

- BCE OCTaJIbHBIC AJIEMEHTHI TAOIHIIBl BEIYUCIIUTD 110 TIPABIITY
IPSIMOYTOJIbHUKOB.

[TpaBmito MPSMOYTOIHLHUKOB.

YMO3pUTENBHO BBIJCIUTD MPSIMOYTOIBHUK, TJIABHYIO TUArOHAIb KOTOPOTO

00pa3yIoT MEePECYUTHIBAEMBIN AEMEHT U Pa3pELIAOIIUI HIEMEHT.
PaccmoTpum parMeHT TaOIuUIIbI.

.......................

aij - HepeCLII/ITI)IBaGMI:Jﬁ 3JICMEHT, 4, - pa3pema10mnﬁ OJICMCHT.

ODNEMEHTHI &, a,, 00pasyroT IJIABHYIO JUaroHajb, DJJIEMEHTHl a,, &, 00pasyroT

MOOOYHYIO IHArOHab.

HoBoe 3HaueHne nepecynTeIBaEMOro 3JIEMEHTAa PABHO PAa3HOCTU IPOU3BEACHUN
AJIEMEHTOB TJIABHOW M MOOOYHOM MaroHasei, JeJICHHON Ha pa3pelatonuii
DJIEMEHT:

_ aij g _akj G

a. =
1) ak

S



3.2.3 AnroputmM pemienust CJIAY B popme sk0paaHOBBIX Ta0IMI

Pacemotpum ucxoanyto CJIAY B oOuielt hopme:
a,, X, +ax, +..t+a,x, =b,

AyiXy + AyoXy + .t Ay X, =Dy,

a.nX, + anoX, +...+ AonXn = O

3anuueM 3Ty CUCTEMY B BHJIE HYJIb - PABEHCTB.
0=b +a;,(=x)+a,(=x,) +..+ a,(-x,),

0=b, +a,(—x) +ap(—x,) +..+ a5, (=x,),

0= bm +am1(_x1) +any, (_xz) +"'+amn(_xn)'

BneceM 3Ty cucteMy B )KOpAaHOBY TaOJIHUILY:

oooooooooooooooooo

oooooooooooooooooo

3nechk Ha MecTe 0a3UCHBIX MEPEMEHHBIX MMOKa CTOSIT HYJIU.
l. YpaBHEHUSI UCXOAHOM CUCTEMBI 3aMKCcaTh B )KOPAAHOBY TaOJUIly B BUJIC
HYJIb - PaBEHCTB (HYJIb - CTPOK).
[I.  BbIMOJHUTH OAWH IIAr >KOPAAHOBBIX UCKITIOYCHUH.
1) TIpuHsTH 3a pa3pelIaoly0 CTPOKY JH000E HYJIb-PaBEHCTBO, a 3a
paspermatonuii ctonoerr 1oboi cronoer (a,,70).
2) B HOBOIf TabHIle TOMEHATh MECTAMH 3arjaBHbIE DJIEMEHTHI pa3pellaroneii
CTPOKH M pasperarorero ctojoma (0 u X wim X, u Xg).
3) BeimonnuTh nepecyer Tadbauisl. [IpaBuiia nepecyera MPUBEACHBI BBIIIC.
4) BbIYepKHYTH HYJIb-CTOJI0CI (3JIEMEHTBI Pa3pelIaroierocs: CToJIONa MOXKHO
BOOOIIIEC HE BEIYHCIISTS).
[1l.  TIpoananu3upoBaTh HOBYIO TAOJIHILY.
1) Eciu uMeeTcst HyJIb-CTPOKa CO BCEMU HYJIEBBIMHU 3JIEMEHTAMH, KPOME
cBoOognoro wiena, To CJIAY HecoBMecTHa.
2) Ecau ecTb HYJIb-CTPOKH MOJHOCTBIO COCTOSIIUE U3 HYJICH, TO UX HAJIO
BBIYEPKHYTb.



3) Ecnu HysIb-paBEeHCTBA €IIIe UMEIOTCS, TO HEOOXOMMO BEPHYThHCS Ha
nyHkrt 11
IV. Tlocne psiga maroB >KOpJaHOBBIX UCKIIIOUEHHUH B TaOIuIe Oy1eT
nosiyueHo oobiee pemenue CJIAY.

OTMmeTuM, 4TO eciu = N, TO B TaOJIUIIE OCTAHETCS TOJIBKO CTOJIOEI] CBOOOIHBIX
wieHoB. B aToMm cinyuae CJIAY uMeeT eIMHCTBEHHOE PELICHUE.

3.2.4 TllpuMepsbl pelieHUs] THIOBBIX 32124

Ilpumep 1. Pemute CJIAY.
2x, —x, +4x, =15,
2x, +x, +x; =8,

3x,—- x, =5

Pewenue.
CocTaBuM KOpPIAaHOBY TaOJUILY.

Lo -x—x,—x
0= |15 2 -1 4

o= | 8| 2 1 1
0= 5| 3 -1 0

Breibepem pazpemaroninii  3nemeHT. OH BBIIEIEH XUPHBIM IIpUGTOM H
MOJAYEPKHYT.

[Tocne mepecyeTa 21€MEHTOB TaOIUIA TPUHUMAET B/

1 |-x-x-0
0= |-17| 6 5 4
n=| 8| 2 1 1
0= 5 3 -1 0




Hynb - cTonGer; MOKHO BEIYEPKHYTh.

L] —x—x
0= |-17| -6 -5
n=| 8] 2 1
0= | 5| 3 1

Bribepem pasperraroniuii 37€MeHT.

[Tocne nepecyera 351eMeHTOB TabIMIA TPUHUMAET B

1 |-y
0= |42 | -21
n=| 13| 5
n=| 5| -3

1 [y
0= | 2 | 1
n=| 13| 5
n=| 5| -3

PazjienuM Bce 371€MEHTHI HyJIb - CTPOKH Ha -21.

Bri6epem paspemaronuii 3J1eMeHT.

[locne nepecyera 31€MEHTOB TabJIMLIa TPUHUMAET BU/:

1
w=| 2
x;=| 3
X, = 1

Omeem: (2; 1; 3).

Ilpumep 2. Pemuts CIIAY.

2x, —3x, — x; = 2,

—X, — X, +2x, =1,

X, —4x,+ x;=3.

Pewenue.

CocTaBUM KOpJIaHOBY TaOJHUILY.

1 | —x—-x-x
0=1] 2 2 -3 -1
0= 1 -1 -1 2
0=1] 3 1 4 1

Bri6epem paspemaronuii 23JIeMeHT.



[Tocne mepecyera 31€eMEHTOB TaOIMIIA TPUHUMAET BU/L:

1 —X; —X3

0= | -4 5 -3 Bribepem pasperraroniuii 37€MeHT.

0= | 4 | 5 3

= 3 -4 1

[Tocne nepecyera 351eMEHTOB TabIMIA TPUHUMAET B

1 [
x, = | 415 |-3/5
= |0 0
x,= | 15| -5

Hatineno o6miee pemenne CJIAY B 6asuce (x1; X2):

X =2+ ix,
1 5 5 3

PR
2 5 5%

3. 3 ba3ucHuble u onopHble pemenus CJIAY
3.3.1 OcHOBHBIEC OHATHS

JJist OThICKaHUs BCeX Oa3MCHBIX pelieHUu He00X0IUMO:

1) TTonyuuts o6iee pemrenue CJIAY B 1r000M Oasuce U BBIMKUCATH MIEPBOE
0a3uCcHOE pelIeHuE.

2) BBINOJTHSSA 1I1ar 3a I1aroM psiji )KOPAaHOBBIX HCKITIOYCHHUH MTEPEXOUTh OT
oJIHOr0 0a3uca K APYroMy U BBIMKUCHIBATh COOTBETCTBYIOIINE Oa3UCHBIC
peLICHUS.

UtoOwl HaiiTu Bce onopHble pemieHus CJIAY MOXHO MOTyYuTh Bce Oa3UCHbIE

peuicHuA 1 BI)I6paTI> N3 HUX PCHICHUA, HC COACPIKAIIUC OTPHULIATCIIbHBIX 3JICMCHTOB.

OKaBBIBaeTCH, 4TO CCJIM HAJIOKHUTDH OIIPCACIICHHBIC YCIIOBHA Ha BI)I60p

pasp€maromero 3JEMCHTa, TO MOXKHO HaUTH OITIOPHBIC PCIICHUSA 0e3 MMoJTHOTro

nepebopa 0a3uCHBIX PEIICHHH, TO €CTh MOYKHO MEPEXO0IUTh OT OJHOTO OTIOPHOTO

pelIeHus K JPYroMy OIOPHOMY PEIICHUIO.

CHUMINIEKCHBIM OTHOIIIEHHEM HA3bIBACTCSI OTHOIIICHUE AJISMEHTA CTOJ'I6H21

CBOOOJTHBIX WIEHOB K COOTBETCTBYIOIIEMY 3JIEMEHTY Pa3pelIaroniero ctoiaomna. B
JanbHENIIeM B cTOJIOIE CBOOOIHBIX YJICHOB HE Oy/IET OTPHUIIATEIBHBIX JIEMEHTOB U



CHUMIIJICKCHOC OTHOIIICHUC 6yz[eT BBIYHMCJIATBHCA TOJIBKO OJIS ITOJIOXUTCIIbHBIX
QJIEMCHTOB pa3pCiaaromicro CTOJ'I6I_Ia.

3.3.2 AaropurMm oTbiCKaHusA ONMOPHBIX pemieHuii CJIAY

l. YpaBHEHUS UCXOTHON CUCTEMBI 3aITUCATh B YKOPJAHOBY TAOJIHITY B BHJIC
HYJIb-PABEHCTB C HEOMPUYAMENbHLIMU C80O0OHBIMU YTICHAMU.
[I.  BbINOJHUTH OJIMH HIAT >KOPJIAHOBBIX UCKIIFOUEHUH.

1) IlpuHATH 3a pa3pemaronuii cTonoelr - CToI0CI, CoAep KAl XOTS ObI
OJIVH TOJIOKUTENbHBIN AJIEMEHT (He cuuTasi CBOOOHOrO ujieHa). BriOpaTh
pa3peniaronryo CTpoKy (pa3peiaromuii 31€MEHT) 10 MUHUMAaJIbHOMY
CUMILIEKCHOMY OTHOILICHHUIO.

2) B HOBOIf Ta0JIMIIe TOMEHATHh MECTaMH 3arjlaBHbIC 3JICMEHTHI pa3peliaroliei
CTPOKH H pasperiaromero ctoadma (0 u X uam X, u X ).

3) BeimonHuTh niepecueT Tabauilbl. [IpaBuiia nepecuera NpUBEICHBI BBIIIIE.

4) Ecnwm paspernaromnasi CTpoka cojieprkaia HyJIb-PaBEHCTBO, TO HYJIb-CTOJIOCII
HYKHO BBIYEPKHYTH (3JIEMEHTHI pa3peliaronierocsi CToJji0la MOXHO
BOOOIIIE HE BEIYUCIIATH).

[1l.  IIpoananu3upoBaTh HOBYIO TAOJIHILY.

1) Ecnm umeeTcs HyIb-CTPOKA CO BCEMH HYJICBBIMHU DJIEMEHTaMH, KPOME
cBoOoaHoro wieHa, To CJIAY HecoBMecTHa.

2) Ecau ecTh HyJIb-CTPOKH IOJIHOCTBIO COCTOSIIIINE U3 HYJICH, TO UX HAJ0
BBIYEPKHYTb.

3) Ecnum xoTs Obl 0JTMH CBOOOJIHBIN YJICH OTPUIIATCIIBHBIN, TO TOMYyIICHA
omubKa mpu BeIOOpE paspelaroniero snementa. Heodxoaumo ee
YCTPaHUTh.

4) Ecnu uMeeTcst HyJIb-CTPOKa B KOTOPOU BCE 3JIEMEHTBI KPOME CBOOOTHOTO
YJIeHa MEHbIIIe TU00 paBHbI HYII0, TO CJIAY onophwsix pewenuii e umeem.

5) Ecnu HyJIb-paBEHCTBa €IIIe UMEIOTCS, TO HEOOXOAMMO BEPHYTHCS Ha
nyHkr 11

IV. Tlocne psiga maroB >KOpAaHOBBIX UCKIIIOUEHUH B TaOnuile Oyner
nonyuyeHo obiee pemenue CJIIAY u cooTBETCTBYIOIIEE EMY TIEPBOE
ONIOpHOE perieHue. [l OTBICKaHUA APYTUX ONOPHBIX PELICHUN
HE00X0MMO BepHYThCs Ha MyHKT 1.

3.3.3 IIpumepsnl pelieHusi THNOBBIX 327124

IIpumep 1. B npeasinyiiem npumepe HaiiieHo oduiee pemenne CJIAY B 6azuce

(1 x2):



—_Z :
X 5 5x3
X ——ﬂ+§x
2 5 57

Brinuiirem cootBeTcTBYIOIIECE eMy OasucHoe pemrenue — (-1/5; -4/5; 0).

Hatinem 6asuchoe pemrenne CJIAY B 6asuce (x2; x3).

1 |-
x, = | -4/5 [-3/5
x,= | 15| 15

1 [-x
x,= | 57|37
x3 = 1/7 '5/7

ITocne ImepecucTa 3JICMCHTOB Ta6J'II/IIIa IMPUHUMACT BHU!:

basucnoe pewenue naiioeno (0; -5/7; 1/7).

IIpumep 2. Halitu Tpu onopHsIx pemenust CJIAY

X +2x, —2x; =4,

X, +3x; =2;

Xy — X, +Xg =

Pewenue.
CocTaBuM KOPIAaHOBY TaOJHITY.
1| =x—x,—x—x,
—x,
0= 4] L 0 0 2 =2
0= 0 1 0 0
3
0= 3 0O 0 1 -1 1
BH]T
1 ] —x,—x
X, =

“
N
Il
w| N b
o
w

3.

31€Ch MOXHO OJHOBPEMEHHO BBIIIOJIHUTH  TpHU
miara >KOpJaHOBBIX HMCKJIIoueHud. BwiOepem Tpu
paspemaromux dJIEMEeHTa.

[Tocne mepecuera 371eMEHTOB TabIUIIA TPUHUMAET

2 -2 | Brmummem nepBoe onopHoe pemienue (4; 2; 3; 0; 0).



JUIst OTBICKaHUS CIAEAYIOIIEr0 OMOPHOIO PELICHHS BEIOEPEM HOBBIN pazpeniatonui
AJIEMEHT 110 MUHUMAJIbHOMY CUMIUIEKCHOMY OTHOILEHUIO.

1| —x—x
=] 4| 2 2
n=| 2] 0 3
W=| 3| 1 1

[Tocne nepecyera 351eMEHTOB TabIMIA TPUHUMAET B

1o -x-x
n=| 2 |12 1
x,=| 2 0 3 Breimmuiiem Bropoe onopHoe pemrenue (0; 2; 5; 2; 0).
n=|5 |12 0

[ToBTOpHM TpOLIEAYpa BEIOOpA pa3pelIaoniero AIEMEeHTa U TepecyeTa TaOIUIIbl.

1ol -x-x
x,= |83 12 13
x= |23 0 13 Beimmumiem tpethe onopaoe pemenue (0; 0; 5; 8/3; 2/3).

3.4 I'pagnueckoe peuieHue 3a1a4 JUHEHHOI0 NPOrPaMMHUPOBAHUS
3.4.1 'eomeTpuYecKasi MHTEPIPeTANUA

['eomeTpuueckas MHTEPIPETALUA SJKOHOMUUECKUX 3a/1a4 JAaeT BO3MOXKHOCTh
HarJIsIHO MPEJICTaBUTh UX CTPYKTYPY U BBIIBUTH OCOOCHHOCTH. I'paduyecku MOKHO
PELINTH TOJBKO 33J1a4M JIMHEHHOTO nporpammupoBanus (3J1I1) ¢ npyms
IIEPEMEHHBIMH.

Ciy4ail n1ByX nepeMeHHbIX NposicHseT cBorcTBa 3JII1, mpuBoauT k uaee ee
pelIeHns, 1eIaeT PELIeHUs TeOMETPUUYECKU HaTJIAIHBIMH.

Ilycts nana 3agayva:

f=cix1+CoX2 — max (8)

X +a,X, <h
a21X1 + a22X2 S bz

©9)

ale1 + a‘m2X2 < bm

X, >0,X, >0 (10)



PaccMoTpuM reoMeTprUUecKy0 HHTEPIPETAIUIO JIEMEHTOB 3TOU 3aa4H.
BBenem Ha MIIOCKOCTH AEKapTOBY MPSIMOYTOJIBHYIO cucTeMy KoopauHaT X1O0X; u
COMOCTAaBUM KaXI0W mape uucen (X1,X2) TOUKY IIIOCKOCTH C KOOPAMHATAMU X1 U X2,
BrisicHuM cHauana, 4To npeacTaBisieT cOO0H MHOKECTBO TOUEK, COOTBETCTBYIOIIUX
JIOITYCTUMBIM PEIICHUSM JTAaHHOH 3aa4H.

PaccmoTpuM 0HO TMHEWHOE HEPABEHCTBO a,,X; +a,,X, <D, .

OHo ormpeziengeT Ha MIOCKOCTH OAHY U3 JIBYX MOJYIUIOCKOCTEH, HAa KOTOPBIE MpsMast
a,,X +a,X, =b pa3duBaeT IockocTh. HalineM, ¢ Kakol CTOPOHBI OT TPSIMOM JICKUT
MOJIYIJIOCKOCTh, TOUKH KOTOPOI YOBIETBOPSAIOT 3aJaHHOMY HEPABEHCTBY. JTO
MOKHO CJIeIaTh ITyTEM IMOJICTAHOBKU KOOPJWHAT OJTHOM TOYKM B HEpaBEHCTBO. Eciun
KOOPJIMHATHI TOYKH YAOBJICTBOPSIOT HEPABEHCTBY, TO 3Ta TOUYKA JICKUT B
MOJIYIUIOCKOCTH, COOTBETCTBYIONIEH PEIIEHUIO JaHHOTO HepaBeHCcTBa. LlITprxoBky
MPSIMOI HaJIO TIPOU3BECTH TaK, YTOOBI OHA «3aKpbIBaja» BHIOPAHHYIO TOUKY. B
MIPOTUBHOM CITy4ae HEPaBEHCTBY COOTBETCTBYET Jpyrasi INIOCKOCTb.

Kaxxnoe u3 orpanuuenuii (9), (10) 3agaet Ha miockoctu x10x2 HEKOTOPYIO
MOJYIIOCKOCTh. JlomycTuMoe MHOXkeCcTBO T1aHoB 3JII1 reomeTpuuecku
n300pakaercs nepecedyeHueM (0OIIEH YacThiO) MOTYIIOCKOCTEH, ONPEAeIIIEMbIX
OTJICTLHBIMH OTpaHIYCHUSIMH. [10TYTIIIOCKOCTD - BRITYKIIOE MHOKECTBO.
MHO0XECTBO HAa3bIBACTCS BBIMTYKJIBIM, €CJTH €My BMECTE C JBYMS ITPOU3BOIHHBIMH
TOYKAMU MPUHAIICKUT U MPSIMOJIUHEHHBIN OTPE30K, UX COSTUHSIOIINNA.
[lepeceuenue 10000 YMCIA BHITYKIBIX MHOXKECTB SIBJISIETCSI BBITYKJIBIM
MHOecTBOM. Takum o6pazomM, 00J1acTh AOMYCTUMBIX IJIaHOB 3aaauu (8) - (10) ecThb
BBITTYKJI0O€ MHOXECTBO. Ha pucyHke 6 mpeacTaBieHbl HEKOTOPbIE CUTYyalluH, KOTa
o0nacTp AonycTUMbIX perteruit 3JII1 - BeIMyKIIbIii MHOTOYTOJIbHUK (2),
HEOrpaHUYEHHAs BBIMYKJIasi MHOTOYTOJIbHAs 00J1acTh (0), eAMHCTBEHHAs TOUYKa (B),
npsiMast iuHUA (T), Jy4 (1), OTpe30K (€), MyCcToe MHOXKECTBO (XK).



a) } X1
X2
— B)
4
0 X1
X2
\ ©)
N \Xl'
0

X2 -~

L1 1)

X2

v

PucyHok 6



[lepeiinem K reOMETPUYECKON UHTEpHIPETAIINH Yyenegol pyukyuu. I1ycTb
obnacth nonyctuMbix pemeHuit 3JIT1 muoroyronsHuk AAzA3AsAsAs (pUCYHOK 2).

minf=f(A)
N

Pucynok 2

Bribepem nmpousBosibHOE 3HaUYeHUE 1ieneBor ¢pynkumu f=fy , Hanpuwmep fo =0.
[Momyunm C1X1+CoX2=fy. D10 ypaBHenue npsimoii iuanu MN. B Toukax npsmoit MN
nesieBast QyHKIHS COXPaHSET OJHO M TO XK€ MOCTOSIHHOE 3HaueHwue fo.

Cuwuras fo mapameTpom, MOTyYrM CEMEHCTBO MapaIICIbHBIX MPSIMBIX,
Ha3bIBAEMBIX JINHUSAMU YPOBHS LieNeBoi pyHkuuu. Hac uHTepecyror Te Touku
o0JacTy AOMYCTUMBIX PEIICHUH, KOTOPbIE MPUHAJIEKAT JTUHUN YPOBHS C
HauOOJIBIINM (HAUMEHBIINM) 3Ha4YeHHEM fo 0 CpaBHEHUIO C €ro 3HAYCHUSAMH TSI
BCEX JIPYTUX JUHUNA YPOBHS, EPECEKAIOIUXCS ¢ 00JaCThIO TOMYCTUMBIX PEIICHU.

PaccmoTpu yacTHbIe TPOM3BOHBIE (DYHKIIUH LIETTU 110 IEPEMEHHBIM X1 U X2 ,
TO €CTb IO HAIIPABJICHUIO OCEH KOOpIUHAT:

a_, (1)
1

of

a_)(z =G, (12)

Kaxxnmast yacTHas mpon3BOaHAS (GYHKITUN TTOKA3bIBAET CKOPOCTh €€
BO3paCcTaHMs BIIOJIb COOTBETCTBYIOIIEH ocu. ClenoBaTeNbHO, C1 1 C2 - CKOPOCTH
BO3pacTanus Boib ocerr Ox; u Oxz, Bektop € = (c,c,) ABIsSETCSA TPaIuCHTOM



¢dbyakuun. OH MOKa3bIBaCT HAMPABICHNE HAUCKOPEHIIIETO BO3pACTaHUS TEICBOM
(yHKITUH, BEKTOP
—C =(-¢,,—C,) YKa3bIBacT HAIPABJICHNE HACKOPEHIIIETO YOBIBAHUS TICJICBOM

bynkun. Bextop € = (c,c,) NEPIEHANKYISPEH K MPSAMBIM CEMEHCTBA: CX, +C,X, = f.

3.4.2 Anroputm rpaduydeckoro pemenusi 3JII1

N3 reomeTpuueckoil uHTEpnpeTanuu 31eMeHToB 3JII1 BBITEKaeT ciemyromuil

QITOPUTM €€ IpauUecKoro pereHus.

l.
2.

C y4eTroM cucTeMbl OTpaHHMYEHUN CTPOUM 00J1IacTh JOMYCTUMBIX I1aHoB 3JII1.
Crpoum BekTop C =(C,,C,) , COOTBETCTBYIOLIMUI HANCKOPEHIIIEMY BO3PACTAHUIO

1eseBoi PyHKIUK WA BEKTOP —C = (—C,,—C,) , COOTBETCTBYIOIIUM HAMCKOpEHIIEMy

yOBIBAHUIO LENEBON PYHKIUU.

. I[IpoBOIMM MIPOM3BONIBHYIO TUHUIO YpOBHS f= fo mepnennukynsapayto K BeKTopy €

TaK, 4YTOOBI OHA MEPECEKIACh C 00JIACTHIO JOMYCTUMBIX PELICHUM.

[Ipu oThickaHUs MakcCUMyMa (DYHKITUH ITepeMelaeM JInHIo ypoBHs f=fo B
HaIpaBJICHUH BEKTOpa € TakK, YTOOBI OHA Kacajaach 00JaCTH JIOMYCTUMBIX
pelIeHMi B ee KpailHeM MoJIOKeHHUH (KpaiiHel Touku) (Ha pucyHke 2 touka C). B
cllydae OTBICKaHUSI MUHUMYyMa (QYHKIIMH JIMHUIO YpoBHs f= fy mepemerniaror B
HalpaBJICHUHU BeKTOpa -C (Ha puc. 2 - Touka E).

. Onpez[enﬂeM ONTUMAJILHBIN IIJIAH X = (Xl ) X2 ) H SKCTPCMAJIbHOC 3HAYCHHC

neneBoit pyrkimu f* = f(C). Touka C eXHT HA TIEpECEYEHUH IBYX MPIMBIX. Ee

KOOPJIMHATHI MOJTHO HAUTH rpaUUEeCKH WIH PEIIUB CUCTEMY, COCTABIICHHYIO U3
YPaBHEHUN NPSIMBIX IPECEKAIOIIUXCS B ’TOM TOUKE.



3.4.3 Ilpumep penreHusi TUNIOBOM 3a/1a4u

[Ipennpusaruio He0OXOIMMO U3TOTOBUTH JIBA BUJIa MPOAYKIIMU A 1 B,
C UCIIOJIb30BaHUEM TpeX BUIOB pecypcoB Ri Rz, R3 KomnuecTBO KOTOPBIX OrpaHUYECHO.
WcxonHble TaHHBIC 3a/1a4¥ TPEICTABIICHBI B TAOIHUIIE:

Bun KomnuectBo pecypcos, 3anacel
pecypcoB UIYIIUX Ha U3TOTOBJICHUE pecypco
€AUHUILIBI TPOTYKIINT B
A B
R1 6 6 36
R, 4 2 20
Rs 4 8 40
Jloxonapl OT
peanuzaiuu 12 15
MPOAYKIUU

TpebyeTcs cOCTaBUTH IUIaH BBIMYCKA MPOAYKIIUH, KOTOPBIA J1aeT
MaKCHUMaJIbHbIN JOXOJ.

Pemenue.

O0603HauMM yYepe3 X1 U X2 KOJMYECTBO €IMHUI] MPOTYKINHU BUIOB A u B,
IJTAHUPYEMBIX K BBITYCKY.

N3BeCTHO, YTO TOXOJ OT peANM3alAN €IUHULBI NPOAYyKIHH A coctaBiser 12
yCJI1. €/1. ¥ KOJIMYECTBO ATOM MPOAYKIUH - X1. Clie1oBaTEIbHO, TOX01 OT peaiu3aluu
BCEH MPOAYKIMU A COCTaBUT 12X; yCi. €. AHAJIOTHYHO, JOXO/I OT peaanu3aluu Bceu
npoaykuuu B coctaBut 15X, yci. ea. YuuTbeiBasi, 4TO AOXOJ OT peaau3aluu
MPOAYKITUHU JOJDKEH OBITh MAaKCHMAJIBHBIM, 11€JIeBast PYHKIINS 3a7a4u OyIeT UMETh
BU/I;

f =12x, +15%, — max

N3BECTHO Takke, YTO UMEIOIIUECS HA MPEANPUATHN PECYPChl OTPAHUYCHBI.
DTO 00CTOSITEILCTBO B CBOKO OYEPEIb HEOOXOAUMO OTPa3UTh B MOJIEIIH.
[IpenmpusTre TPOU3BOAUT MPOIYKIIHUIO, UCIIOJIB3YsI TPHU BHIA PECYPCOB.
EcrectBenHo, 4to hakTHUeCKui pacxo/l HUKAKOro BHJa pecypca He T0OHKEH
MPEBBIIIATH 3aI1aCOB COOTBETCTBYIOIIETO BU/Ia PECYPCOB HA IMPEAIPUITHH.
[TockonapKy pacxo/1 KaxJa0ro BUJa peCypcoB Ha €AUHHUILY KaKI0T0 BUIA NPOIYKIUN
1 3amachl peCypCOB U3BECTHBI, 3TO OOCTOSATEIBCTBO OTPAXKAETCS B CIICAYIOIINX
OTPAHUYEHUSIX:



6X, +6X, <36
4x, + 2%, <20
4x, +8x%, <40

CMBICT IEpPBOTO OTPAaHUYEHUSI COCTOUT B TOM, UYTO (PaKTHUECKHUI pacxo.
pecypca R1 Ha mpou3BoicTBO npoaykiuu A u B, paBHbIi 6X1+6X; (31€Ch 6X1 -
KOJIMYECTBO €IMHHUI] pecypca Ri, HIylIero Ha U3roTOBJICHUE X1 €IUHUL] TPOTYKIIUH
A; 6x, - KoIMUecTBO eAMHUIL pecypca R, uayiiee Ha U3TOTOBICHHE X2 €IUHHUII
npoaykiuu B) He qomkeH npeBblaTh 3amaca 3TOro pecypca Ha MpeAnpusTuu,
paBHOTO 36 €11. AHAJIOTUYHBIM CMBICT UMEIOT 2-€ U 3-€ OrpaHUYCHUS TOJIBKO JJIs
pecypcoB Ry u R3 cOOTBETCTBEHHO.

KonruecTBo npoAyKIuuy, BEITYCKAaEMOE MPEANPUITUEM, JTOJKHO OBITh
BEJIMYMHOM MOJIOKUTETBHON UM PABHOW HYJIIO (€C/IU MPEANPUATHE ONPENEIICHHBII
BU/JI POAYKIIUU HE POU3BOAUT). Ceq0BaTEIbHO, B MOACIH JOJIAKHBI
MIPUCYTCTBOBATh OTPAHUYEHHUS] HEOTPULIATEIIBHOCTH IEPEMEHHBIX:

X =20,x, =0.
1

Takum 00pa3om, MOCTPOEHA MaTeMaTUYECKasi MOJIEb HAIlIeH 3a/1a4n Kak
3a/1a4yl JIMHEHMHOr0 MPOrpaMMHUPOBAHUSL:

f =12x, +15x, — max
6x, +6X, < 36
4x, +2x, <20
4x, +8x%, <40
X, 20,X,=20

Haunewm perienue 3a1auu ¢ MOCTPOCHUS 00JIACTH TOMYCTUMBIX pElIeHUMN
(pucyHOK ).

B nepByto ouepens 0ToOpa3uM B MPSIMOYTOJILHON CUCTEME KOOPIMHAT
YCJIOBHSI HEOTPULIATEILHOCTH NIEPEMEHHBIX. B IByMEpHOM NPOCTPAHCTBE YPABHEHUIO
COOTBETCTBYET MpsAMasi JUHUS, & HEPABEHCTBY - MOJIYIJIOCKOCTD, JIEkKaIIas 10 OJHY
ctopony ot npsiMou. [Ipsimere x1=0 u x,=0 coBnagarT ¢ OCAMU KOOPJAUHAT.
[Momymmockoctu X1>0,X2>0 51exaT COOTBETCTBEHHO cripaBa oT ocu OX, U BhIIIE OCH
Ox1. MHO€CTBO TOUYEK, YAOBJIECTBOPSIONIUX OJTHOBPEMEHHO HEPABEHCTBAM

X, = 0,X, =2 0 npencrapmsitor coboii mepeceueHne TOCTPOSHHbIX MOMYILIOCKOCTEH
BMECTE C TPAaHHYHBIMH MPSMBIMU M COBITAJAIOT C TOYKAMH IIEPBOM YETBEPTH.
Tenepsr paccMOTpUM OrpaHHUYEHHS 3a1a4K. [I0CTPOUM IO MOPSIKY MPSIMBIE:
) 6X1+6X,=36 WIN X11+x2=6 (1)
4x1+2x,=20 17001 2x+tx2=10 (2)
4x,+8x,=40 WK x112x,=10 (3)



Y ONPEIENSAEM, C KAKOW CTOPOHBI OT 3THX MPSIMBIX JIEXKAT MOITYIJIOCKOCTH, TOUKU
KOTOPBIX YAOBJIETBOPSAIOT CTPOIMM HEPABEHCTBAM:

BX1+6X>,<36

4X1+2X-<20

4x1+8%2<40
Jl1st onipeiesieHrs MOTYIJIOCKOCTH pEMIEHUI IEPBOTO HEPABEHCTBA BO3bMEM
MIPOU3BOJIBHYIO TOUKY TUIOCKOCTH, HE JIKAIIYIO HA IPIMON  6X11+6X,=306,
Harpumep (0;0), u mocTaBUM €€ KOOPAMHATHI B HEpaBeHCTBO 6-0+6-0<36.
B pe3ynbpraTe noJCTaHOBKH MOJIY4YMIIM BEPHOE YHUCIOBOE HEpaBeHCTBO 0< 36, 1 310
03HayaeT, YTO HayaJl0 KOOPJMHAT JIEXKUT B MOITYIUIOCKOCTH PELICHUN IEPBOTO
HepaBeHCTBAa. CTOpOHA, B KOTOPOM pacrnosaraercsi HoJIyIIOCKOCTh OT IPSIMOH,
YKa3bIBA€TCS IITPUXOBOMU.

AHaIOTUYHO CTPOUM MOJIYIUIOCKOCTh PEIICHUI OCTalbHBIX HEPABEHCTB.

M
| y
/\
-
0 AN
12x;+15x~0 N\ /// 3)

Lo}

Pucynox 8

3amTpuxoBaHHAas YaCTh IJIOCKOCTU U MPEACTABIIAET COOOM HCKOMBII
MHOTOYTOJIbHUK JOMYCTUMBIX PEIEHUI 3a1a4M (PUCYHOK &)

Teneps Hy»HO Cpey TOYEK IOCTPOCHHOIO0 MHOTOYTOJIbHUKA HAlTH TaKYIO
TOYKY, B KOTOpO# 1ieneBast Gpynkius f =12x;+15X, nocturaeT MakCUMaabHOTO
3HaueHud. {7151 3TOro nocTporM fipsAMyIo JIMHUIO, 33JJaHHYI0 YPaBHEHUEM
12x1+15x,=0, KoTOpas SIBJIAETCS IMHKEW HYJICBOr0 ypoBHS QyHKIMH f.



Hanpasnenue Bo3pactanus iuHeiHON QyHkuuu f =12X;1+15X; ykaspiBaer
BeKTOp C ¢ HavyasioM B Touke (0;0) u koH1oM B Touke M1(12,15), KoopArHATHI
KOTOPO# paBHBI K03 HUIIMEHTaM TIPU COOTBETCTBYIONIUX MEpEeMEHHBIX (yHKIHH .

JI1st HaX 0K ICHUSI ONITUMAJILHOTO TIJ1aHa HYXKHO «II€PEABUTATHY JTMHUIO
HyJeBoro ypoBHs f mapannensHo camoii ceOe B HalIpaBJIEHUH BEKTOpa € JI0 TOUKH €€
«MOCJIETHEN BCTPEUM» C MHOTOYTOJIBHUKOM, KOTOPAsl U SIBJIETCS] ONTUMAIbHBIM
J1aHoM 3a1a4dd. B HameMm ciydae 31o BepmmHa B Muoroyronsauka OABCD - Touka
nepecedeHus npsambix (a) u (B). Koopauuats! (X, , X, ) TOUYKH HaiiieM, pEIInB
CHUCTEMY YPABHECHUM.

6x, + 6%, =36 N
A%, + 8%, = 40 OoTKyHa x1 =2, x2 =4.

HaiineM coOTBETCTBYIOIIEE 3HAUCHHE LI€TIEBOM (DYHKIIMHU:

f=1f(x")=1(24)=12-2+15-4=84 ycu. ex.

Wtak, nisa obecrieyeHus MAKCUMaJIbHOIO JI0X0/1a OT peasin3allii TOTOBOM
MPOIYKIIUA TTPEATPUITHIO HEOOXOIUMO BBIMTYCTUTH 2 €11. TPOIYyKIINK BUIa A U 4 €.
npoaykuuu Buaa B. [Ipu TakoMm 1tane 10X01 OT peanu3anuy COCTaBUT 84 yCil. en.

3.5 CuMILIeKCHBII MeTO/ pelieHHs 32424 JIUHEHOr0 MPOrpaMMHPOBAHMSA
3.5.1 YKpyYIIHEeHHBbI# aJIrOPUTM CUMILIEKCHOI'0 METOAa

OcHosHnas meopema TUHEUHO20 NPOCPaAMMUPOBAHUS.

JluneitHas QyHKIMS, ONpeeTICHHAs Ha BBITYKIOM | — MEpHOM MHOTOTpaHHHKE,
JOCTUIaeT CBOEr0 ONTUMAJIIBHOTO 3HAYEHMS B OAHOW WJIM HECKOJIBKO BEPIIMHAX
9TOr0 MHOT'OTPAaHHMKA.

Ecnu nuHeliHas pyHKIMS JOCTUTAET ONTUMAJIbHOTO 3HAYEHUS B HECKOJIbKUX
BEpUIMHAX, TO OHA UMEET ATO ONTUMAIBHOE 3HAUEHHE U B JIIO00H TOUKE,
ABJISIFOIIEICS BBIMYKJIOW JTMHEHHOM KOMOMHAIIMEH 3TUX BEPILHH.

[IpuBeneHHas TeopemMa yKas3bplBa€T OAUH U3 METONOB pemeHus 3J111:

1. wmaiitu Bce onopHsie riansl 3J1B;

N

BBIYHCIIATH 3HAYCHUS (PYHKITUU TEJTH MPU KaXKJIOM OIIOPHOM IJIaHE;
3. BBIOpaTh TpeOyemMoe ONTUMAIBLHOE 3HAYCHHE U COOTBETCTBYIOIIUE OTIOPHBIC
TLJIaHBL.
[Tpu 6onbmmx pazmepHocTsx 3JII1 moaHbINA nepedop ONMOPHBIX MIIAHOB
MPaKTUYECKHU HEe BO3MOKEH. [103TOMy OOBIUHO MPUMEHSIIOTCS METOABI
YHOPSIAOUCHHOT0 riepedopa OMOPHBIX TIAaHOB. PaccMOTpUM caMblii



pacrpocTpaHeHHbIN yHUBepcalnbHbli MeTo pemieHus 3JII1. DToT meToa Ha3bIBaeTCs
CUMILIEKCHBIM METOJOM HJIM CUMILJIEKC — METOJIOM.

CHUMIUIEKCHBIA METOJT COCTOUT B MOPSAOYHOM MEPEXOJAE OT OAHOTO OMOPHOTO
wiada 3JII1 x apyromy. Ilepexoibl OCyIIECTBISIOTCS TaK, YTOObI QYHKIMS LETU
BCSIKMU pa3 Bo3pactaiia. Bropoe Ha3BaHHE 3TOr0 METOJIa — METOL
ITOCJIEA0BATEIBHOIO YIIYyULIECHHUS TUIAHA.

s pemenus 3JII1 cummieKCHBIM METO0M HEOOXOIUMO:

1. mpusectu 3JII1 x kaHOHMYECKOU (popme 3amucy;

2. COCTaBUTb CUMILUIEKCHYIO TaOauIy Jis pemaemoit 3JII1;

3. HailTu HayaibHBIA onopHbIi Tian 3J111;

4. HallTH onTUMAasbHBIN onopHbId Tuad 3J1II1.

Jns pemienust 3JI1T ucnonb3yroTcsi CUMILIEKCHBIE TAOIUIBI. DTH TAOIHUIIBI
OTJIMYAIOTCA OT JKOPJAAHOBBIX TAOJIMUI] TOJBKO HATUYUEM CTPOKHU COJIEpKAIICH
(YHKIUIO T,

3.5.2 AropuT™M OThICKAHHUS HAYAJIbHOT0 ONIOPHOIO IJIAHA

Onopueiii utan 3JII1 npeacrasnsier coO0M OMOPHOE PELIEHUE CHCTEMBI
ypaBHEHHI — orpanndeHui 3tou 3JII1, mosToMy alropuT™M HaAXO0XKAECHUS HAYaIbHOIO
onopHoro mwiana 3JII1 o4eHp MOX0X Ha aIrOPUTM OTHICKAHUS OTIOPHBIX PELICHUS
CJIAY. Ilepen oTbickaHueM HadajabHOTO oropHoro 1aHa 3JII1 nomkHa ObITH
MpUBEJIeHA K KAHOHUYECKOU (hopme 3amucu (CUCTeMa OTpaHUYCHU T0KHA OBIThH
CUCTEMOU ypaBHEHUN).

l. VYpaBHEHUSs CHCTEMbI OTPAaHUYECHHI 3aITUCaTh B CUMILICKCHYIO TaOJIUIly B
BUJIE€ HYJIb-PABEHCTB C HEOMPUYAMENbHbIMU C80O0OHBIMU YNEHAMU.
II.  BemosHuTh 0HO NpeoOpa3zoBaHKe TAOIULIBI.
1) TIpuHATH 3a pa3pemaronrii cTooelr - CToI0eI, CoAepPIKAIIUN XOTS ObI
OJTH TOJIOKUTEIIbHBIN 3JIEMEHT, HEe cunTas cBoOoHOro wieHa (f — crpoka
HE YYUTHIBACTCS).
2) BbIOpaTh pa3peraronyro CTpoKy (pa3peraroiinii SJIEMEHT) 110
MHUHUMaJIbHOMY CUMILIEKCHOMY OTHOIIEHUIO.
3) B HOBOI1 TabHIIe TOMEHATh MECTaMH 3arjlaBHbIC 3JICMCHTHI pa3pelaroiei

CTPOKH H pasperaromero ctoadma (0 u X umm X, u X ).

4) BpInoaHATE TiepecueT Tabmuilsl, BKiIroydas f — crpoky. [IpaBuia nepecuera
MIPUBE/ICHBI BBIIIIE.



5) Ecnum paspemaromas CTpoka cojeprkaina HyJIb-PaBeHCTBO, TO HYJIb-CTOJIOCII

HY>KHO BBIYEPKHYTH (3JIEMEHTBI Pa3pellatoierocsi CToa01a MOXKHO

BOOOIIIC HE BBIUUCIISITH).

[Ipoananu3npoBaTh HOBYIO CUMILIEKCHYIO TaOJHILY.

1) Ecnm umeetcs HyIb-CTPOKA CO BCEMH HYJIEBBIMU DJIEMEHTAMHU, KPOME

cBoOoHOTO wieHa, To 3JII1 He uMeeT TOMyCTUMBIX TUIaHOB.

2) Ecnu ecTh HyJIb-CTPOKH ITOJIHOCTBIO COCTOSIIIIUE U3 HYJIEH, TO UX HA0

BBIYEPKHYTb.

3) Ecnm xoTs ObI 0J1MH CBOOOIHBIH YJI€H OTPUIATCIIBHBIMN, TO JOMYyIICHA

omuOKa rmpu BeIOOpE paspematoiero snemenTa. Heodxoaumo ee

YCTPAaHUTb.

4) Ecnm uMeeTcs HyJIb-CTPOKa B KOTOPOU BCE 3JIEMEHTHI KPOME CBOOOTHOTO

YJIeHa MEHbIIIEe TUO0 paBHbI HYIO, TO 3JII1 He umeem onopnuvix nranos.

5) Ecnu HyJb-paBEeHCTBa €IIIe UMEIOTCS, TO HEOOXOAMMO BEpHYThHCS Ha

nyHKT |1

V. Tlocne psiga npeoOpa3oBaHU CHUMILUIEKCHOM TaOJIUITLI B HEM Oyner

noJIydyeH mepBbli onopHblid mwiad 3JII1 u cooTBeTCTBYIOMIAs €My
byHKIIMA TeTu.

3.5.3 AIropurM OThICKAaHUS ONITUMAJILHOTO OIMIOPHOIO IUIAHA

[lepen mpuMeHEHHEM JAHHOTO aJITOpUTMa HEOOXOAMMO HAWTH HaYadbHbBIN

OTIOPHBIH TIJIaH W 3aIIMCcaTh €ro B CUMILICKCHYIO TaOJIHITy.

1)

2)

Eciu f- cTpoke HET OTpHIIATEIBHBIX 2JICMEHTOB, TO HAlICHHBIHI
OMOPHBIA  TJIAH ONTHUMAJIEH.

Enu nipu aTom B T — CTpoKe HET HYJIEBBIX 3JICMEHTOB, TO ONTUMAJIbHBIH
IJ1aH equHcTBeHeH. HeoOXoaMMo BhITIUCATh OTBET.

Ecmu cpenn anemenToB f - crpoku umeercs | HyneBbIX JIeMEHTOB,
HEOOXOIMMO BBINMCATh HAWJCHHBIN OTIOPHBIH IJIaH U BBITOJIHUTS |
CHUMITJICKCHBIX MTPe0oOpa3oBaHuii TaOIHIIbI, TO €CTh MOJYYHUTH elie |
ONTUMAJIbHBIX OMOPHBIX IJIAHOB. [Ipu 3TOM HEOOXO0MUMO TPUHUMATH 32
pasperrarnuii cToa0er mociIeI0BaTeIbHO BCE CTOJIONBI HYJICBBIM
anemenTaM f — crpoku. B atom cinyqae 3JII1 umeer Oecunciennoe
MHOYKECTBO ONTUMAJIBHBIX TIJIAHOB, KOTOPBIEC OMPEEISIOTCS B BHITYKIION
JMHEWHOU KOMOMHAIIMU BCEX HAMJICHHBIX ONTUMAIBHBIX ONOPHBIX
TIJIAHOB.

Eciu f - ctpoke ecTh XOTs ObI OIMH OTPUIIATEIILHBIN 3JICMEHT, KOTOPOMY
COOTBETCTBYET CTOJIOEI] HE TOJIOKUTEIbHBIX 3JIEMEHTOB, TO (DYHKIIUH
uenu He orpannueHa cBepxy u 3JIII pemenuii He UMeer.



1. Ecmu B f— cTpoke ecTh XOTs OBl OZIMH OTPUIIATEIIHHBIN 3JIEMEHT U B
COOTBETCTBYIOIIIEM €My CTOJIOIE €CTh XOTSI ObI OJIUH MOJIOXKUTEIIbHBIN
AJIEMEHT, TO HaleHHBIN OTIOPHBIHN IIJ1aH He onTuMalieH. HeoGxomumo
NeperTH K IPyroMy OMOPHOMY ILJIaHy.

1) TlpuHATH 32 pa3pemaronIfi CTOJIOLI], CTOIOCI COOTBETCTBYIOIIHIA
HauOO0JIBIIEMY IT0 MOJTYJIIO OTPHUIIATSIIEHOMY AJIeMeHTy f — cTpokw.
2) BpI0OpaTh pa3pemniaroniyro CTpoKy 0 MUHUMAJIBHOMY CUMITICKCHOMY
OTHOIIICHHIO.
3) BBINOIHUTE OJHO CUMILIEKCHOE IIPeoOpa3oBaHue TaOIHIIbL.
MIleperiTv Ha MyHKT | JaHHOTO alropuTMa.
3.5.4 Ilpumep perneHnsi TUIIOBOI 3a1a49H

PemuTh 3a1a4y TMHEWMHOTO MPOrPaMMUPOBAHHS:
f==2x+x,—%—X%X,—1 (min);

—x =Xt Xty =4
=X +2x,+ X X =T,
2X =X, +x, +x5=1;

szo.

Pewenue.
JI71s1 ucrioIb30BaHuUs CTaHIAPTHOTO aJirOpUTMa OyJIeM UCKAaTh MAKCUMYM
Gynkuun F= -f . F =2% —x, + X, + X, +1 (max).

CocTaBUM CUMILIEKCHYIO TaOIuILy.

|-y —x—x—x,—x

- 4] 1 1 1 1 0
= | 7 -1 2 1 0 1
0= | 7 2 -1 0 1 1
F= 1 2 1 -1-10

Bri6epem paspemaroniuii 31€MeHT 0 MUHUMAJIbHOMY CUMIUIEKCHOMY OTHOIIIEHUIO.
B xauecTBe pazperaromiero crondia yao0Ho B3SITh CTONOCII X3.
[Tocne mepecyera TabauIa NpUHUMAET BUI:

1 =X, =X, =X, — Xg

X, = 4 -1 11 0
= 3 0o 3 -1 1
0= 7 2 -1 1 1
F= 5 -3 0 0O




Bri6epem paspemaromuii 31€MEHT 0 MUHUMAJILHOMY CUMIUIEKCHOMY OTHOIIIEHUIO.
B xauecTtBe pazperiaromiero cTojoa ya00HO B3sTh CTOI0EI] Xs.
[Tocne mepecyera TabaMIa IPUHAMACT BUI:

1 | —x-x-x,
x;= | 4 -1 -1 1
w=| 3] 0 3 1
0= | 4| 2 -4 2
F= 5 -3 0 O

Bribepem pasperniaroniuii 371eMeHT 10 MUHUMAJIbHOMY CUMIUIEKCHOMY OTHOIICHHIO.
B kauecTBe pasperiaroniero croiaodua yJo0HO B3SITh CTOIOCI] Xa.
[Tocne nepecyera Tabauna NPUHUMAET BU:

1 | -x-x
n=| 2| 2 1
W= |5 ] 1 1
n=| 2| 1 =2
F= 5 -3 0

Hauanbeubiii onopuslii miian HaitaeH (0; 0; 2; 2; 5). DTOT 11aH He ABJISIETCSA
ONTUMAJIbHBIM, TaK Kak B F CTpoke UMeeTCsl OTpUIIaTEIbHBIN 2JIEMEHT B CTOJIOLIE
X1.

JI1s1 OTBICKAHMSI ONITUMAILHOTO OIOPHOTO TUTaHA BEIOEPEM B KQ4eCTBE
pa3pelaroIero croaomna, CToJI0eI B KOTOPOM COJACPIKUTCS OTPULIATEIIBHBIN
aneMmeHT F cTpoku, To ecTh cTonber; x1. Berbepem paspemiaronuii 2JIeMeHT 1Mo
MUHHMaJIbHOMY CUMILJIEKCHOMY OTHOIIeHHI0. [locie mepecuera Tadauia
MIPUHUMAET BU/I;

1 | -x-x
n-] 6] 2 3
x=|3 | -1 3
=] 2] 1 =2
F= 11 3 -6

Haiinen HoBbIN onopHbli uian (2; 0; 6; 0; 3). DTOT 11aH He SIBIsETCS
ONTUMAaJIbHBIM, TaK KaK B F CTpoke uMeeTcsl OTpUIaTEeIbHbINA 37IEMEHT B CTOJIOLE
X2.

Jliis mpoofKeHus poliecca BhIOEpPEM B KaueCTBE pa3pellaroniero croiona,
CTOJIOE1] B KOTOPOM COAEPIKUTCS OTPULIATENIbHBIN 3JIeMEHT F cTpOoKH, TO eCTh



cTonber; x,. Beroepem pasperaroniuii 3JIeMEeHT 110 MUHUMATLHOMY
CUMIUJIEKCHOMY OTHoOIIeHHI0. [locne nepecuera Tabiuiia NpUuHUMAET BU/L:

1 | —x,—x
x»=19
x,=1] 1
x=| 4
F= | 17| 1 2 | B F crpoke HeT OTpHIaTeIbHBIX JIEMCHTOB. 3HAYNT,

ONTUMAJILHBIN ONIOPHBIN IJ1aH HaieH (4; 1; 9; 0; 0).
MakcumainbHoe 3HaueHue Gpynkiuu F pasao 17.

U3nauansHo TpeboBanock Haiith MuaumyM Gyrkuuu f =-F, nosromy f;, =—-17.

3.6. Moaeab ONTHMAJILHOTO Pacnpeie/icHUs1 pecypcoB.
TpancnoprHas Mmoaeb

[IpoOnemMbl, BO3HUKAIOUIME MPU PALUOHAIBHOM OpraHu3aluu IEepPEBO30K
pPa3IMYHBIX  IPY30B, HMEIOT HCKIIOYHUTEIBHOE  XO3SAMCTBEHHOE  3HAYECHUE.
MareMatnyeckue 3aladd, K KOTOPbIM MOYKHO CBECTH YKa3aHHbIE MPOOJIEMBI,
HA3bIBAIOT TPAHCIIOPTHBIMU. V3yueHue MeTo10B peleHus TpaHcnopTHeIX 3a1ay (T3)
BaYKHO €I1I¢ U MIOTOMY, YTO OOJIBLIOE KOJIMYECTBO APYIHX MPHUKIIAJHBIX 337a4 MOXKHO
OIMCaTh MAaTEMAaTHYECKON MOJEIBIO, CXOJHON C MOJEIBIO 3aayd O IIEpEeBO3Kax, a,
CJIEZ0BATENBHO, U PELIATh 110 aHAJIOTUYHBIM ajiroputMaM. [Ipu 3ToM KauecTBoO 1iana
TPAHCIIOPTHOM 3aJ]a4yy MO>KHO OLIEHHMBATh IO PA3JIMYHBIM KpUTepusM. PaccMoTpum
3/1€Ch B KQUECTBE TAKOTO KPUTEPHS CYMMapHY0 CTOUMOCTD ITEPEBO30K.

Paccmotpum nocmanosky mpancnopmmuoil 3a0ayu  TO KPUTEPUIO CTOMMOCTH.
ITycTh HEKOTOPBIM OAHOPOAHBIN TOBAp (KUPHUY, MUJIOMATEPUAIbl U T.I.) XPAHUTCS
Ha M ckaagax Ai (i=1+m) m tpeOyercs B N mynkrax Bj (j=1+n). W3BecTHHI
CIICIYFOIIUE MapaMeTPhl: a; — 3amac ToBapa Ha I-M ckiane; bj — moTpeOHOCTh B TOBape
B J-M IYHKTE; Cjj — CTOUMOCTH IEPEBO3KH CIUHMIBI TOBapa W3 I-TO CKiIaaa B |-i
nyHKT. [Ipenmonaraercs, 4To CTOMMOCTBH IEPEBO3KU IMPOU3BOJIBHOIO KOJIMYECTBA
TOBapa MpPOMOPIMOHAIBHA 3TOMY KOJMYECTBY. Tpedyercs COCTaBUTh IUIaH
MEepPEeBO30K TOBapa TaK, YTOOBI YIOBJIETBOPUTH MMOTPEOHOCTH MNPU HMEIOMIUXCS
3aracax, 00ecreynB Mpy 3TOM HAUMEHBIIIYI0 CYMMapHYI0 CTOMMOCTb NIEPEBO3OK.

IIpuBen€HHple BbIIE YCIOBUSA — OKOHOMHYECKAas IIOCTAaHOBKA 3aJadM.
O0603HaYMM Yepe3 Xjj KOJTUUECTBO TOBapa, MEPEBO3UMOro U3 I-T0 CKJIaJa B j-i MYHKT.
CrouMocTh nepeBo3kH ToBapa U3 A; B Bj COCTAaBUT CijXij, a CyMMapHasi CTOMMOCTb

m n
TIePEBO30K €CTh »_ > c;X; . CeoBaTensHO,
i=1 j=1



Z=izn:cijxij — min . (13)

i=1 j=1

I[anee, BCC 3aI1aChbl U3 ITYHKTA Ai JOJI’KHBI OBITH BBIBC3CHEI, T.C.

S x, =2, i=1+m. (14)
j-1
Bce notpebHOCTH MyHKTA Bj TOJKHBI OBITH YIOBJIECTBOPEHEI, T.€.
ixij =b;, J=1+n. (15)
i=1
EcTecTBEHHO TpeonaraTh Takke, 4To
xij20, i=1+m, j=1-+n. (16)

Maremartnueckast MoJenab T3 COCTOUT B ONPENEIEHUN HEOTPULIATEILHOTO TIaHa
nepeBo30ok X=(xjj), T KOTOPOro BBINONHsIOTCS ycioBus (14) m (15), a menesas
¢yukius (13) npuHUMaeT HauMeHblee 3HadeHne. Matpuna X=(Xi)x, Ha3bIBaeTCs
mampuyeti nepego3ox.

Paccmorpum pemenne T3, 5KOHOMHKO-MaTeMaTU4YeCKasl IMOCTAHOBKA KOTOPOH
npuBeeHa Bole. i HarnsaHocTy yeiioBus T3 MOKHO peACcTaBUTh Tabiuuen 38.

Tabnuya 38
Bb. b2 |.. |

A

ai C11 c12... Cin
X11 X12 X1in

ap Caq Coo... Cox
X21 X22 X2n

Am Cm1 Cm2... Crmn
Xm1 Xm2 Xmn

Ecnu cymma Bcex 3amacoB paBHa CyMME BCEX 3as1BOK, T.€.
m n
> ai=) by, (17)
i=1 j=1

TO MBI UMeeM T3 3aKpbITOro TUIA.

Onpeoenenue 1. Bcskoe HeOTpHUIIATEIbHOE PEIICHUE CHCTEM JIMHEHHBIX
ypaBHenuil (8), (9) n.1, onpenensemoe Marpuiieil mepeBo30K X, Ha3bIBACTCS MJIAHOM
T3.

Onpeoenenue 2. Ilnan X*, npu xotopoMm ¢yHkius (13) npuHUMaeT CBOE
MHUHHUMAaJIbHOE 3HAYCHUE, HA3BIBACTCS ONMUMAIbHOIM NAaHOM T3,

Teopema 3. IIns toro utoObl T3 mmena AOMYyCTUMBIEC TUIaHBI, HEOOXOIUMO U
J0CTAaTOYHO, YTOOBI BBIOIHSIIOCH paBEHCTBO (17).

B ciygae ecnu cymma 3amacoB He paBHa cyMMe MOTpeOHOCTEN (3asBOK), UMEEM



3a/1a4y OTKPBITOro Tuma. Eciu cyMMa 3asiBOK MPEBBIIIAET CyMMY 3aIlacoB, BBOAUTCS

(UKTUBHBIN MOCTABIIMK A,+1, «3aMac» KOTOPOrO PAaBEH PA3HOCTU MEXKIY CYMMOM
n m

3a9BOK M CyMMOH 3amacoB: a,+1= ), Dj->  ai. B cmyudae, korga cymma 3amacoB
j=1 i=1

MPEBBINIACT CYMMY 3asBOK, BBOJUTCS (UKTUBHBIA MOTPEOHUTENH B,:+1, «3asBKay

m
KOTOPOTO paBHA Pa3HOCTU MEXY CyMMOM 3aIacoB M CyMMOM 3asBOK: 0,41=) ai-
i=1

Zn: bj. CToumocT Bcex (UKTHBHBIX MEPEBO30OK IMOJIATAIOT PaBHBIMHU HYIIO. Takum
j=1
o0pa3oM, 3aj1a4a OTKPBITOTO TUIIA JIETKO CBOJIUTCA K 3a7a4ye 3aKpPhITOrO THUIIA.

[Tockonbky T3 siBisieTcs 3aj1ayedl TMHEHHOTO MPOrPaMMUPOBAHUS, OHA MOXKET
OBITH peIIieHa CHUMIUIEKC-MeTomoM. Ho B cuiny crnemmdukn 3amaun  (Kaxmaas
MepeMEHHasi BXOJUT JIMIIb B JBa YPAaBHEHUS CHUCTEMbl U KOAI(PHUIMEHTH TPHU
MIEPEMEHHBIX PaBHBI €IUHUIIE) ONTUMAIBHBIN MIaH T3 MOXET ObITh MOJYyYeH MyTeM
HEKOTOpBIX MpeoOpa3oBaHuil TpaHcHopTHOW Tabmuipbl. Kak m B oOmiem ciydae,
ONTUMAaJIbHBIN IUIaH UIIETCS CPEAN ONIOPHBIX PELICHUMU.

Yucio nepeMeHHBIX xjj B T3 ¢ M IyHKTaMH OTIpPABICHUS M N IYHKTaMu
Ha3HA4YEHUs paBHO MN, a YyuciIo ypaBHeHU B cucteMax (14) u (15) paBao m+n. T.k.
B 3akpbiToii T3 BbemmosHseTcs yciaoBue (17), TO YUCIO JMHEMHO HE3aBUCHUMBIX
ypaBHeHH paBHO M+N-1. CrmemoBaTenbHO, ONMOPHBIA MIaH T3 MOXKET UMETh HE
6osee M+Nn-1 OTIUYHBIX OT HYJS MEPEMEHHBIX. DTO — 6a3ucHBIC NepeMeHHbIe. Eciu
B OIIOPHOM IUIAHE YMCJIO OTJIMYHBIX OT HYJISI IEPEMEHHBIX PABHO B TOUHOCTH PaBHO
mM+n-1, To MJIaH SIBASETCA HEBBIPOXKIECHHBIM, a €CJIU MEHBIIIE — TO BBIPOKICHHBIM.

Jlnsg  ompeneneHuss OMNOPHOIO IUIaHA CYILIECTBYET HECKOJIBKO METOIOB.
PaccMoTpum Ba M3 HUX — METOJl CEBEPO-3aMaJHOrO Yrjia U METOJ MUHHUMAJIbHOU
CTOMMOCTH.

3.6.1. MeToa ceBepo-3amaJHOIO yrjiaa

[Tonb3ysice Tabnuieit 1, OyaeM pacrpenenath ToBap, HAUMHAS C JIE€BOM BEpXHE
kietku (1,1), momaras x;a=min(ag,b1). Ecu a;>bs, To x11=b; u motpedurens B1 Oyner
MOJIHOCTBIO YIOBJIETBOPEH, M 3HAYMT, HAAO0 MOJOXHUTH Xxi1=0, i=2+m («cromber 1
3aKkpbIT»). Ilepexogum B coceantoro siueiiky. CocelHel 3/1eCh CUMTAETCS] OTKPBITAS
sYeiiKa CHU3y WM CIIpaBa OT JaHHOW — B JaHHOM ciydae 3To sueiika (1,2). OHa
3aIOJTHACTCS € Y4E€TOM TOTrO, YTO 3amac MyHKTa A1 COKpPaTHJICS Ha BEIUYMHY D1 H
COCTaBISIeT a1-D1.

Ecnu sxe bi>ay, To 3amac mocraBiiuKa A1 MOJHOCTHIO UCUEPIIaH, M 3HAYUT, HAZ0
noJ0xuTh x1;=0, J=2+Nn («cTpoka 1 3akpsiTay). [lepexoauM B COCEIHIOIO SUEHKY —
a4erky (2,1), yuuThiBasi, YTO MOTPEOHOCTh MYHKTA B1 COKpATUIIaCh HA BEJIMYUHY a1 U



cocraBisieT Di-a;. AHaNOrmyHBIM 00pa3oM 3amnojHstoTcs suekku (1,2) wmm (2,1) u
1.1. [locnenueii 3anonuseTcs siueiika (m,n). PaccMoTpuM npuMeHeHHe 3TOro MeToj1a
Ha MpUMepe.

Ilpumep 1.

VYcenosus T3 3apansl TpaHciopTHOM Tabnuiel (Tadmuia 39).
TpeOyeTcst COCTaBUTh OMOPHBIN IIJIaH TIEPEBO30K METOJIOM CEBEPO-3aMaHOTO YTIIa.

IIpoBepum, sBNAETCS 1M 3aada 3akpeiToid. T.k. Y a=130#> b=110, To T3
i j

OTKpEITas. BBomuM dukTHBHOTO TOTpeduTens Bs bs=> " ai-> . =20 (tabmuma 40).
i j

Tabauya 39 Tabauya 40
Bj 45 35 55 65 Bj 45 35 55 65
Ai Ai
40 4 1 2 5 40 4 1 2 5
60 3 2 3 7 60 3 2 3 7
90 4 4 5 2 90 4 4 5 2
10 0 0 0 0

ByneM 3anoHsITh TaOJIUILy TOATAITHO.

Oman 1. xp1=min(a1,b1)=min(40,45)=40. 3akpeita 1-1 crpoka. Ilepexomum B
CleAyoNIyIo siuerky (2, 1) (tabn. 4).

Oman 2. x12=min(az, bi-ai1)=min(60,5)=5. 3akpeiT 1-ii crondern. [lepexoaum B
CIEAYIONIYIO STUehKy (2,2).

Oman 3. x=min(55,35)=35. 3akpeIT 2-ii cTonbemn. [lepexoaum B CIEAYIONIYIO
suerky (2,3).

Oman 4. x3=min(20,55)=20. 3akpsita 2-1 cTpoka. [lepexoauM B CIEAYIONIYIO
sueiky (3,3).

Oman 5. x33=min(90,35)=35. 3akpeiT 3-i Tabnuya 41
cronben. Ilepexogum B cuefyroomyro sueiiky| Bi| 45 | 35 | 55 | 65
A
(3,4). _ 4 1| 2|5
Oman 6. x3=min(55,65)=55. 3akpeita 3-1| 49 | 40 a _ _
ctpoka. [lepexonum B crneayronnyto suenky (4,4). 3 2 3 7
Oman 7. xa=min(10,10)=10. 3axpsitsr 4-s1—50 2 ?215 250 >
CTpoka M 4-ii cronben. 3arnoiHEHHE TaOJMUBI| g 3 3 35 | 55
3aKOHYECHO. 0 0 0 0
10 — — — 10

OTMeTuM, 4TO YHCIIO 3alOJIHEHHBIX (0a3MCHBIX) KJIETOK paBHO M+Nn-1=7, T.e.
JNEUCTBUTENBLHO TOCTPOEH OIMOPHBIM IIJIaH MEPEBO3OK.
[Tomy4yeH Ha4YanbHBIN OMTOPHBIM IJIAH C MATPHULIEN NTEPEBO30K



40 0 O O
Xes=|5 3 20 0

0 0 35 55
(puKTHBHBIC TOCTABIIUKN W MOTPEOUTETN B MAaTPHUIIE MTEPEBO30K HE YKA3BIBAIOTCH).
ITo sToMy mnaHy u3 myHKTa A1 3aBe3eHo 40 en. rpy3a B Bi, U3 A 3aBe3€HO 5 €.
rpy3a B B1, 35 — B By u 20 — B B3, u3 A3 35 ex. rpy3a 3aBe3eHbl B B3 u 55 — B Ba.. T.e.
10 en. rpy3a, «3aBe3€HHbIEY» U3 (UKTUBHOTO IMyHKTA A4, HA CAMOM JieJie HEI0BE3CHBI
B B4. 3aTpatsl 110 Tiany X..; COCTaBISIOT Z..,—4-40+3-5+2.35+3.20+
+5.35+2-55=580 (neH. ex.).

IIpu wucnonszoBanuu MC3Y Ha KaxIOM J3Tame, KpOMe MOCIEIHETO,
3aKphIBAJIACh JIMOO CTpPOKa (T.€. OIMH M3 MOCTABIIUKOB), JINOO CTOJIOEI] (T.€. OJIUH U3
noTpeduTeneit). MoxkeT oka3aTbCs, YTO Ha HEKOTOPOM (HE TMOCcIeaHEM) mmare OyyT
OJIHOBPEMEHHO 3aKpbIBATHCS U CTPOKA, U cToibel. Torma B 0gHy U3 COCEIHUX SUEEK
(>kenmaTeabHO ¢ MEHBIIMM Tapu(oM) HEOOXOAMMO IMOCTABUTH HYJIb B SIBHOM BHJIE.
Ota s4elika B JajbHEWIIeM cyuTaeTcs Oa3ucHOW (BBIpOXKACHHASA 3ajaya).
3anosHeHrne TaOaUIBI IPOUCXOIUT YNCTO MEXAaHUIECKHU CIIeBa HAIIPaBO CBEPXY BHU3
0e3 yuéra TapuoB nepeBo3ok. [103ToMy nosTydeHHbBINH ONOPHBIN IJIaH OOBIYHO JAIEK
OT ONTUMAJILHOTO.

3.6.2. MeTog MUHUMAJILHOTO Tapuda

[Ipy mOCTpOEHMM OMOPHOrO IUIAHA 3TUM METOJOM CHayana 3amoJHAETCs
syerika TaOJIUIBI ¢ MUHUMAJIBHBIM Tapu(poM (€CIu TaKOBBIX HECKOJIBKO, TO MOKHO
HAaYMHATh C JIFOOOW U3 HUX; OOBIUHO MO MOPSAKY — CJIeBa HaNpaBo cBepxy BHU3). [Ipu
3TOM JHMOO YJOBJIETBOPSAETCS 3asBKAa COOTBETCTBYIOIIETO MOTpeOuTens, Jnbo
HcueprnbIBaeTCsl 3amac MocTaBiiuka. Jlamee s4YelKW 3amoSHSIOTCS B MOPSJIKE
BO3pacTaHUsl CTOUMOCTEN.

Ilpumep 2. Paccmotpum mnpumenenne MMT Ha pemenun Toit xe T3, uto B
1.3.6.1 (Tabmuiipl 2 u 3), 1 Oy1eM MOATAITHO 3aMOIHATh Ta0uIry 42.

Iman . Haunnaem, Hanipumep, ¢ sueiiku (4,1), B KOTOpOil Mbl UMEEM OAHY U3
HAUMEHBIIUX CTOUMOCTEH TIepeBO3KH (c41=0): x41=min(as,b1)=min(10,45)=10.
3akpsbiTa 4-s1 cTpoka. [lepexoaum B cienyromlyto ssueiky (tadnuna 42).

Oman 2. Cpeau OCTaBIIMXCS s4eeK 3amoJiHseM sueiky (1,2), umeronnyro
HAMMEHBIIYI0 CTOMMOCTh (c12=1): x12=min(a1,b2)=min(40,35)=35. 3akpweiT 2-ii
cronberr. [lepexonnm B CIEAYIOMIYIO STYCHKY.



Iman 3. Cpeay OCTaBLIUXCS AYEEK 3AMOJIHIEM, Tabnuya 42

HanpuMep, suekiky (1,3), ummeromyro omay w3 | Bi | 45 | 35 | 55 | 65
HAMMEHBIINX CTOUMOCTEH (c13=2): x13=Min(az-by, |- 2 1 5 E
bs)=min(5,55)=5. 3akpeita 1-1 cTpoka. Ilepexomum | 49 | _ 35 5 B
B CIICIYIOIIYIO STYEUKY. 3 2 3 7

Oman 4. Cpeam  oOCTaBUIEXCSL — s9eek |00 3;15 7 255 5
HAaUMEHBIIIYI0 CTOMMOCTh UMeeT stueiika (3,4), c3a=2. 9 | _ B o5 65
[TosTomy x34=mMin(as,b4)=mMin(90,65)=65. 3akpeIT 4- 0 0 0 0
it cton6err. [lepexoiuM B CIEAYIONIYIO STUCHKY. 10 | 10 - - -

Oman 5. Cpean OCTABIIMXCSA SIUEEK 3aMoiHsAEM A4elKy (2,1), UMEIINLyI0 OJHY
U3 HAUMEHBINIHUX CcTOMMOCTeH (c21=3): x2:=Min(60,35)=35. 3akpeiT 1-ii cronoerr.
[TepexoauM B CIEAYIOUIYIO SIUCHKY CTOMMOCTEH, ¢21=3, . xz1=Mmin(az, bs-
a4)=min(60,35)=35. 3akpeIT 1-ii cTosnOer. [lepexoaum B CICIYIONIYIO STYCHKY.

Oman 6. Cpeau OCTaBIIMXCS SYECK 3amoJIHsIeM sdehky (2,4), HMEIOIIyIo
HAMMEHBIIYI0 CTOUMOCTh (c24=3): x24=MIN(25, 50)=25. 3BakpeiTa 2-51 CcTpOKA.
[Tepexonm B CIEYIONIYIO TUYECHKY.

Oman 7. Ocranachk sueiika (3,3): x33=min(25, 25)=25. 3akpreIThl 3-51 cTPOKA U 3-
i cTonben.

3anonHeHue TaOIUIBl 3aKOHUYEHO. YMCIIO 3amofHEeHHBIX (0a3HCHBIX) KIIETOK
paBHO M+N-1=7 , T.e. IEHCTBUTEIBHO NOCTPOEH OMOPHBIN ILJIaH MTEPEBO3OK.

[TomyyeH  HayaiubHBIM  ONOPHBIM  IUIAH C  MaTpPULEW  IMEPEBO30K

0 35 5 0
Xuem=|35 0 25 0
0 0 25 65

(puKTUBHBIN TIOCTABIIMK B MAaTpHUIlE MEPEBO30K He ykazaH). [lo sromy miaHy u3
NyHKTa A1 3aBe3eHO 35 ef. rpy3a B Bo u 5 — B Bs, u3 A2 —35 en. rpy3a B A1 u 25 — B
B3, n3 A3 — 25 en. rpy3a B Bz u 65 — B Ba. Te 10 en. rpysa, «3aBe3€HHBIE» M3
(DMKTUBHOTO MyHKTa A4, HA CaMOM JIeJie HE JI0Be3€HbI B Bi. 3aTpaThl MO MiIaHy X, cm
COCTABIISAIOT Z;, c,—=1-35+2-5+3-35+3-25+5.25+2-65=480 (nen. en.), uro Ha 100 enm.
MeHbIe, yem B MC3YVY.

st MHC takxe cripaBenmuBo 3amedyaHue 2 (0 HyJIeBOM 0a3MCHOM DJIEMEHTE),
TOJBKO 37I€Ch U3MEHSICTCS MOHITHE COCEIHEH sTuehKku. Sdueikol, coceIHeM ¢ JaHHOM,
cUMTaeTCs JII00ask OTKPhITAs sUeiika B JaHHON CTPOKE U B JAHHOM CTOJIOIIE.



3.6.3. OnpeneseHne ONTUMAJBHOIO IVIAHA NIEPEBO30K
MEeTO/I0M NMOTEeHINAJI0OB

[Tpu pemenun T3, kak u npu pemenun 6ot 3amauun JIII, ocymectBusercs
MOCJIETIOBATEIBHBIN MEPEXO0 OT OJHOTO OMOPHOIO IjiaHa (€CIIM OHO HE ONTUMAJIBHO)
K apyromy. JUIsi MpOBEPKH ONTUMAIbHOCTH IOJYYEHHOTO IUIAHA BOCIIOJIB3YEMCSA
Teopuel nBoricTBeHHOCTH. CocTtaBuM K T3 IBOWCTBEHHYIO 3aJady W 3alMIIEM HX B
Tabnuie 43.

Tabnuua 43
[Ipsimas 3amaua JIBOMICTBEHHAs 3aj1a4a
m m n
Z=>" > c;x; —> min W= au, + Y b,v; > max
i=1 j=1

i-1 j=1

: U, He orp. B 3HaKe, i =1+m
X;=a;,1=1+m

ij i

V; He orp. B3Hake, j=1+n

M= | 10-

X;=b;, j=1+n

I
N

\%

X; =0,i=1+m, j=1+n | y+v,<c;i=1+m, j=1+n

Ilepemennsie /13 Ha3pIBarOTCA:

Uj — TIOTeHIMAJ MmocTaBInuka A;, i=1+m;

Vj — moteHnuan norpedurerns Bj, j=1+n.

Chopmynupyem B TepMHUHAX MOTEHLMAJIOB KPUTEPUN ONTUMAIBHOCTH ILIaHA
IIEPEBO30K.

Teopema 4. Ilycte X*={ x; } — man nepeso3ok T3. Jlyist Toro, 4To0sl 3TOT M1aH

ObUT ONTHMAJIBLHBIM, HEOOXOIUMO H JIOCTATOYHO, YTOOBI CYIIECTBOBAIH MOTEHIIUAIIBI
MOCTABIIMKOB Uj, i=1+M, 1 moTeHnmansr notpedurenei Vj, j=1+N, yaoBieTBopsromme
YCIIOBHSIM:

— CyMMa TOTEHIMAJIOB KaXJIOTO IOCTABIIMKA W KAXKIOTrO0 MOTPEOUTENsT HE
MIPEBOCXOJIUT COOTBETCTBYIONICH CTOMMOCTH TIEPEBO3KHU CTUHMIIBI TPYy3a, T.C.

U +v; <c;, i=1+m, j=1+n; (18)

— €CJIM T0 TaHy X* MMEeT MeCTO MepeBO3Ka OT MOCTaBIIMKa Aj TOTPEOUTENIO
Bj, To cymMMa MX NOTEHUMAIOB paBHA COOTBETCTBYIOLIEW CTOMMOCTH IEPEBO3KH

eJMHULBI TPY3a, T.€. eciu x>0, To U; +V; =GC;.

T.o., 4TOOBI BBIMOJHUTH TMPOBEPKY ONTHUMAJIBHOCTH IUJJaHA TEPEBO3OK,
HEO0OXO0UMO JIJIsl BCEX 3aHATHIX SYEEK COCTAaBUTh CUCTEMY YPaBHEHHUI OTHOCUTEIHHO
MTOTEHIUAJIOB:

Ui+Vj=ci;. (19)
T.x. 3aHgTBIX syeek (a, 3HauuT, W ypaBHeHuM (19)) m+n-1, a HEU3BECTHBIX



IIOTEHUHAIOB m+n, TO OJHOMY W3 HEU3BECTHBIX HYKHO IPHUAATH IPOU3BOJIBHOE
3HaueHue (00bIYHO mojaratoT Ui;=0), 1 TorJa oCTalbHbIEe MOTEHIUATIbI ONPEIETSIOTCS
OJIHO3HAYHO. 3aTeM JUIsl CBOOOIHBIX sSiUeeK MpoBepsitoTcs ycnosus (18), nam
Aij=Ui+Vj-Cij§O (18’)

(Ajj Ha3pIBaeTCS oyenKol COOTBETCTBYIOIIEH sueiiku). Eciam Bce 3TH HepaBeHCTBa
BBITIOJIHSAKOTCS, TO, COTJJACHO IPUBEIEHHOMY BBIIIE KPUTEPHIO, IJIAH IIEPEBO30K
ontuMalibHbIA. Eciu X0oTst Ob1 071HO U3 HepaBeHCTB (18') He BBIMOIHSAETCS, TO TUIAH
HE SIBJISIETCSl ONITUMAJIBLHBIM. B 3TOM ciyyae u3 CBOOOJHBIX SYEEK C MOJIOKUTEIHHON
OLICHKOM BBIOMpaeTCsl Ta, AJisi KOTOPOMl 3Ta OlieHKa sBisieTcss HauOosbineil. Eciu
HauOOJBIINX OLEHOK HECKOJBKO, TO BHIOUPAETCS Ta U3 SUYEEK, TJIe MEHbIIE Tapud.

B TtpancnoptHOi Tabmnuie s BHIOpaHHONW CBOOOJHOW SYEHKHU MPOBOIUTCS
3aMKHYTasl JIOMaHas IpsMas, 3BEHbs KOTOPOW JIEKAT TOJBKO B CTPOKax WM
CTOJIOLIAX M COEAUHSIOT KaKhe-MOO JBE€ SYEWKHU, a BEPIIUHBI (KPOME HAyaJbHOIN)
PACIIOJIOKEHBI B 3aHATHIX siUeKax. Takas JomaHas npsiMas Ha3bIBaeTCs yukaom. Jis
KOKIOW SYEWKM MOYKHO TIOCTPOUTH MOAbKO 0OuH UMKI. BepmmHam 1mukna
IPUIKCHIBAIOTCS YEPEAYIOUIMECS 3HAKU «+» U «-», NpUUYEM CBOOOAHAs siueika
cHa0kaeTcs 3HaKOM «+». B siuelikax, COOTBETCTBYIOIUX OTPULIATEIbHBIM BEPIIMHAM
LMKJIA, OTBHICKMBAETCA HAMMEHbIIEE 3HAaueHHe o0bEMa mepeBo3oK, a=min x\”

KOTOpOE IepepacnpeiesieTcs Mo suyeikaM IuKIa, T.e. TpUOaBiIIeTCs K IePEeMEHHBIM
B SYEHUKAX CO 3HAKOM «+» M BBIYUTAETCS OT MEPEMEHHBIX B SUEHKAX CO 3HAKOM «-».
B siyelikax, He BOIIEAIINX B UK, IEPEMEHHBIE OCTAIOTCSI HEM3MEHHBIMU. Sueiika «-
», IO KOTOPOH ONpeesiach BequuuHa a (a1 He€ xj=a), ocTaércs mycroi. Ecin
TAKOBBIX SYE€EK HECKOJIBKO, TO OJHAa M3 HHUX (KeJaTeJbHO ¢ OOJBIIUM TapU(pOM)
OCTa€TCs MyCTOM, a B OCTAJIbHBIX MPOCTABJISIIOTCS HYJIH.

B pesynbrate mepepacnpenciieHus MEPEBO30K MO IUKIY MOJIY4YaeTCs HOBBIM
IIJIaH C MEHBIIINMU 3aTpaTaMH.

[IpruMepbl HEKOTOPBIX LIMKJIOB MTOKA3aHbl HA PUCYHKE 9.

B w©oBOM 111aHE
BHOBb  OINPEICIAIOTCS
HOTEHIIAAIEI l

MOCTaBIIUKOB u Pucynok 9.

norpeouTeneu, u
MIPOU3BOJIUTCS TPOBEpPKA IUIaHA HA ONTUMAJIbHOCTH. Korga cpeau OIIEHOK He
OKaETCs OOJIBIIE MOJIOKUTETBHBIX, TOJYICHHBIN TIJ1aH OyAET ONTUMATBHBIM.
Auaroputm pemieHusi T3 MeT010M MOTEHIIHAJIOB.
Iman 1. CocTaBiaeHUe HAYAJIBHOTO TIJIaHA MIEPEBO3OK.
Oman 2. BeluucieHne NOTEHIIMAIOB MOCTABIIUKOB U MOTPEOUTENEH; MpoBepKa
ONTUMAJILHOCTU TUTaHa TMepeBOo30K. Eciu maH onTHMalIbHBIA, TO 3ajlaya peIleHa;
MHaye ClIelyeT Mepexo/l K Taiy 3.



Oman 3. TlocTpoeHnne HOBOrO (YJIYYIIEHHOTO) TUTAaHA TEPEBO30K, ISl KOTOPOTO
TPAHCIOPTHBIE 3aTpaTbl MEHbIIE WIM, N0 KpailHeW Mepe, paBHBI 3aTparaMm JUis
npenbaynero miaHa. Jlanee cienyeT nepexon K aramy 2.

Ilpumep 3. PaccMoTpuM NpHUMEHEHHE METOJa IMOTEHIMAJIOB [JIi HAXOXKICHUS
onTHUMaIbHOTO 1aHa T3, omopHsIii mwian koTopoi Haitner MHC (tabnuma 5).
Jlns ompeneneHUs] TOTEHIMAJIOB COCTaBJsieM CHUCTEMY YpaBHEHUU (11t
3AHAMbIX SYEeK)
UrHVo=1, U1+V3=2, Up+V1=3, Up+V3=3, U3+V3=5, U3+Vs=2, Us+V1=0.
ITonaras U;=0, HaxoouMm Vo=1, V3=2, Ux=1, V1=2, U3=3, V4=-1, Us=-2.

[ToTeHnMabl TPOCTABJICHBI B TaOJIUIIC Tabnuya 44(Umepayus 0)
44 (cTonmben Ui U CTpoKa Vj), KOTOPYIO Bj|45 |35 |55 |65 |Uu
MBI  oOo3HauuM  «Utepamus  O». Aj
IToTenmmansl MOKHO BBEIUUCIATL U 4 1 2 5
HEIOCPEJACTBEHHO B TaOimIe, He 40 |- 35 5 - 0
BBIMIMCHIBASI CUCTEMY YypaBHEHMU. Ecim 3 2 3 7
M3BECTHBI MOTEHIIMAN U Tapud 3aHATOM 60 35 — 25 — 1
AYEHKH, TO U3 COOTHOWIEHHUA Ui+Vj=cijj 4 4 5 2
JIETKO OIPEIEITUTh HEU3BECTHBIM T10- 90 — - 25 65 3
0 0 0 0
10 10 |- — — -2
Vj 2 1 2 -1

TEHIMaN (U3 CyMMBbI BEIYECTh U3BECTHOE ClaraeMoe).

Ormpenenum OIeHKU c80000HbIX siueek (Aij=UitVi-cij):
A11=042-4=-2, A14=0+(-1)-5=-6, Ap;=1+1-2=0, Ap=1+(-1)-7=-7, A3;=3+2-4=1,
A3=3+1-4=0, Ay=(-2)+1-0=-1, Ay3=(-2)+2-0=0, Ays=(-2)+(-1)-0=-3.
Jlanee oreHku OyaeM Tak»e BBIYHCIATH HETIOCPEACTBEHHO B TaOIuUIlE, TOMEIast UX B
JIEBOM HIDKHEM YTy KakJAoW CBOOOJHOM suelku. T.K. cpenu OIICHOK €CTh
MOJIOKUTENbHAS, TO TIaH Xo=X,..» HE ABJISIETCS onTUMalbHbIM. [lepeliném k stamy 3
— ynyumeHuto 1iaHa Xo. g astoro BeiOepem sueiiky (3,1) (oma wumeer
MOJIOKUTENIbHYIO OlleHKY 1). W3 310t situeliku mpoBoauM MK (Tabnuna 45). B muki
BOUYT stueku (3,1) (oTMeuaeTcst 3HaKoM «+»), (3,3) (oTMeUaeTcst 3HaKOM «-»), (2,3)
(oTMeuaeTcst 3HaKOM «+»), (2,1) (oTmMeuaeTcs 3HaKOM «-»). HaumeHnbliee 3HaUYeHHE
rpy3a, CTOAIIEEe B BEPUIMHAX LHUKIA CO 3HAKOM «-», a=Min(25,35)=25. D10 uucmo
MpuOaBISIETCS K TEPEMEHHBIM B sSUEMKaX CO 3HAKOM «+» ¥ BBIYHTACTCS OT
IIEPEMEHHBIX B AYEWKax CO 3HAKOM «-». B pesynprare Inosjaydaercss HOBBIM IUIaH C
MEHBIIIMMU 3aTpatamu (Tabmiumia 46, utepanus 1).



Tabnuya 45 Tabnuya 46 (Mmepayus 1)
Bj45 |35 |55 |65 | u; Bj|45 |35 |55 |65 |u;
A A;
4 1 2| 5 4 1 2 5
40 35 |5 0 40 35 |5 0
-2 -6 -2 -5
03 2@3| 7 3 2 3 7
60 [B5 25 1 60 |10 50 1
0 -7 0 -6
@4 4106 2 4 4 5 2
90 5165 |3 90 |25 65 |2
1 0 |25 -1 -1
0 0] 0| O 0 0 0 0
10 |10 - 10 |10 -
-1 10 |-3 2 -1 |0 2 |2
Vi 2 1 2 -1 Vi 2 1 2 0

Jlns HoBoro T1aHa Xj OMpEIeisieM HOBBIC TMOTEHITMAIBI M OIEHKH CBOOOIHBIX
sueek (Tabnuia 46). Bee onieHKH HemnoaoxuTenbHbie. Clie10BaTebHO, MOTYyYeHHBIN

0 3 5 0
10 0 50 O

IJ1aH

X*=
25 0 0 65

SABJISIETCSI ONTUMAIBHBIM ((DPUKTUBHOTO MOCTABIIUKA B OTBETE HE yKas3biBaem). Kpome

TOTO, TUTAaH HE BBIPOKJIEH (0a3MCHbIE IEPEMEHHBIC HE PaBHBI HYJII0) U aIbTEePHATUBEH

(HexoTopsie olleHKU Az1=A43=0). [Ipy 1aHHOM IJIaHE CTOMMOCTD MEPEBO30K
Zmin=1-35+2-5+3.10+3-50+4-25+2-65=455 (newn. ex.).
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